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ABSTRACT

The pattern and size of the Earth’s atmospheric circulation cells determine regional climates and challenge theorists.

Here the authors present a theoretical framework that relates the size of meridional cells to the kinetic energy generation

within them. Circulation cells are considered as heat engines (or heat pumps) driven by surface gradients of pressure and

temperature. This approach allows an analytical assessment of kinetic energy generation in the meridional cells from the

known values of surface pressure and temperature differences across the cell, Δps and ΔTs. Two major patterns emerge.

First, the authors find that kinetic energy generation in the upper and lower atmosphere respond in contrasting ways to

surface temperature: with growing ΔTs, kinetic energy generation increases in the upper atmosphere but declines in the

lower. A requirement that kinetic energy generation must be positive in the lower atmosphere can limit the poleward cell

extension of the Hadley cells via a relationship between Δps and ΔTs. The limited extent of the Hadley cells necessitates

the appearance of heat pumps (Ferrel cells) – circulation cells with negative work output. These cells consume the

positive work output of the Hadley cells (heat engines) and can in theory drive the global efficiency of an axisymmetric

atmospheric circulation down to zero. Second, the authors show that, within a cell, kinetic energy generation is largely

determined by ΔTs in the upper atmosphere, and by Δps in the lower. By absolute magnitude, the temperature

contribution is about 10 times larger. However, since the heat pumps act as sinks of kinetic energy in the upper

atmosphere, the net kinetic energy generation in the upper atmosphere, as well as the net impact of surface temperature,

is reduced. The authors use NCAR/NCEP and MERRA data to verify the obtained theoretical relationships. These

observations confirm considerable cancellation between the temperature-related sources and sinks of kinetic energy in

the upper atmosphere. Both the theoretical approach and observations highlight a major contribution from surface

pressure gradients, rather than temperature, in the kinetic energy budget of meridional circulation. The findings urge

increased attention to surface pressure gradients as determinants of the meridional circulation patterns.

Keywords: meridional circulation cells, kinetic energy generation, surface temperature, surface pressure gradient,

Carnot cycle, heat engine, heat pump, condensation

1. Introduction

Our planet’s meridional circulation cells determine many aspects
of our climate (Bates, 2012; Shepherd, 2014). Shifting cell bound-
aries cause climatic changes such as the reduced rainfall observed
in much of the subtropics (Webster, 2004; Bony et al., 2015).

Nonetheless, what determines the extent and intensity of the
Earth’s major meridional cells remains debated (Schneider, 2006;
Heffernan, 2016).

On a rotating planet, such asEarth, the poleward extension of the
meridional circulation cells can be estimated assuming conserva-
tion of angular momentum in the upper atmosphere. In this case, as
the air moves poleward and approaches the Earth’s rotation axis,
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the air velocity must increase. The energy for this acceleration is
derived from the temperature-induced pressure gradient: in the
upper troposphere air pressure is higher over warm areas than
over cold areas. The greater the meridional temperature gradient,
the further it can push the equatorial air poleward.

If, rather than being conserved, the moving air’s angular
momentum decreases, air velocity increases more slowly. Then,
for the same temperature difference, the meridional cell can reach
closer to the pole. The degree to which angular momentum is
conserved is controlled by turbulent friction (eddy diffusivity),
which determines the exchange of angular momentum between
the atmosphere and the rest of the planet. The effects of angular
momentum conservation and turbulent friction on the size of
circulation cells have received attention fromdifferent perspectives
(Held and Hou, 1980; Johnson, 1989; Robinson, 1997; Schneider,
2006; Chen et al., 2007; Marvel et al., 2013; Cai and Shin, 2014).

Two limiting cases have been recognized. If eddy diffusiv-
ity is zero, the meridional cells do not exist: there are westerly
winds everywhere except at the surface where air velocity is
zero (Held and Hou, 1980). In this case no heat engines exist
and no kinetic energy is generated. If, on the other hand,
turbulent friction in the upper atmosphere is sufficiently
large, meridional circulation cells can extend to the poles
(see, e.g. Marvel et al., 2013, their figure 3). Thus, provided
turbulent friction is known, the extension and intensity of the
meridional circulation cells could be found from the equations
of hydrodynamics. However, turbulent friction is not simply a
determinant of atmospheric circulation but is also determined
by it. Since we lack an accepted general theory of atmospheric
turbulence, the parameters that govern turbulent friction in
circulation models cannot be specified in advance but are
chosen so that circulation conforms to observations. This
hampers reliable predictions of future climates.

In a steady-state atmosphere the rate at which kinetic energy of
wind dissipates to heat by turbulent friction equals the rate at which
this energy is generated anew by pressure gradients. But, unlike
turbulence, the generation of kinetic energy can be readily formu-
lated in terms of key atmospheric parameters.

In this paper we present an analytical approach that relates
kinetic energy generation in circulation cells, viewed as heat
engines or heat pumps, to surface pressure and temperature
gradients and use National Center for Atmospheric Research
(NCAR)/National Centers for Environmental Prediction
(NCEP) (Kalnay et al., 1996) and Modern Era Retrospective
Re-Analysis for Research and Applications (MERRA)
(Rienecker et al., 2011) data to verify features indicated by
our analyses.

In Section 2 we explore the general relationship between kinetic
energy generation and work output of a heat engine operating in a
hydrostatic atmosphere. The heat engine concept was applied to
the atmosphere by many authors attempting to constrain the effi-
ciency of atmospheric circulation (Wulf and Davis, 1952; Peixoto
and Oort, 1992; Pauluis et al., 2000; Lorenz and Rennó, 2002;

Pauluis, 2011; Huang and McElroy, 2014, 2015a, 2015b; Kieu,
2015). However, the relationship between surface pressures and
temperatures and the generation of kinetic energy has not been
previously established.

We derive such relationships for a Carnot cycle and for a more
realistic cycle with the air streamlines parallel to the surface in,
respectively, Sections 3 and 4. We show that kinetic energy gen-
eration in the lower and upper atmosphere has distinct relationships
with surface temperature. For a heat engine, the greater the surface
temperature difference between the warmer and the colder ends of
the circulation cell, the more kinetic energy is generated in the
upper atmosphere and less in the lower. (A reverse relationship
holds for a heat pump.) The further the cell extends towards the
pole, the greater the surface temperature difference becomes and,
hence, the less kinetic energy is generated in the lower atmosphere.
Thus, the requirement that kinetic energy generation in the lower
atmosphere be positive limits the horizontal dimension of the cell.
We express this limit in terms of surface temperature and pressure
differences across the cell.

In Section 5 we evaluate the kinetic energy generation budget in
the atmosphere composed of several heat engines (Hadley and
Polar cells) and heat pumps (Ferrel cells). We find that the large
contributions of surface temperature gradients to kinetic energy
generation are of similar magnitude but of the opposite sign in heat
engines and heat pumps and largely cancel each other out. The net
kinetic energy generation appears determined by surface pressure
gradients.

In the concluding section we discuss the importance of under-
standing surface pressure gradients as a necessary step towards
predicting the energetics and arrangement of meridional cells. We
highlight a distinct role for evaporation and condensation in the
generation of surface pressure gradients as a perspective for future
research.

2. Kinetic energy generation and work in a
hydrostatic atmosphere

To relate kinetic energy generation to thework of a thermodynamic
cycle we envisage atmospheric motion from two perspectives: the
equation of motion and the thermodynamic definition of work.
Taking the scalar product of the equation of motion with velocity v
we obtain:

ρ
dE
dt

¼ �v � �pþ w � ðρgÞ þ v � F ¼ �u � �pþ v � F: (1)

Here E; v2=2 is kinetic energy of air per unit mass, ρ and p
are air density and pressure, v ¼ uþ w, u and w are the
horizontal and vertical velocity, F is turbulent friction, and
dX=dt;@X=@t þ v � �X is the material derivative of X. The
second equality in eq. (1) assumes hydrostatic equilibrium

�zp ¼ ρg: (2)
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In eq. (1), � u � �p represents the rate of kinetic energy
generation per unit air volume, while v � F represents dissipa-
tion of this kinetic energy by turbulent processes. Equation (1)
reflects the fact that in hydrostatic equilibrium kinetic energy
is generated by horizontal pressure gradients (Lorenz, 1967;
Boville and Bretherton, 2003; Huang and McElroy, 2015b).

We now consider a steady-state atmosphere where an air
parcel of constant mass moves along a closed trajectory cover-
ing it all in time τ. All variables depend on altitude z and one
horizontal coordinate y, which represents distance along the
meridian. Using the definition of horizontal velocity u;dy=dt,
from eq. (1) we obtain for kinetic energy generated per mole

of air (J mol�1), as the air moves from point r1 ¼ ðy1; z1Þ at
time point t1 to r2 ¼ ðy2; z2Þ at t2 (t2 � t1 � τ):

Kðr1; r2Þ;�
ðt2
t1
Vu � �pdt ¼ �

ðy2
y1
V
@p
@y

����
z¼zðyÞ

dy

¼ �R

ðy2
y1

T
p
@p
@y

����
z¼zðyÞ

dy: (3)

Here V (m3 mol�1) is molar volume, z ¼ zðyÞ is the streamline
equation and we have used the ideal gas law

pV ¼ RT; (4)

where R ¼ 8:3 J mol�1 K�1 is the universal gas constant and
T is temperature.

On the other hand, using u; dy=dt,w; dz=dt and eq. (4) in the

form pdV ¼ RdT � Vdp, for total work A (J mol�1) of the ther-
modynamic cycle corresponding to our closed streamline we have

A;
I

pdV ¼ �
I

V
dp
dt

dt ¼ �
I

V
@p
@y

����
z¼zðyÞ

dy; (5)

as far as, first,
H
RdT ¼ 0, and, second, from eq. (2) we have

�
I

V
@p
@z

jy¼yðzÞdz ¼
I

Vρgdz ¼ Mg
I

dz ¼ 0: (6)

Here Vρ ¼ M is molar mass of air, and y ¼ yðzÞ and z ¼ zðyÞ
are the equations of the closed streamline that defines the cycle.

Equation (5) shows that for any thermodynamic cycle
where the mass of gas is constant, total work A is equal to
total kinetic energy generation K (obtained when integration in
eq. (3) is made over the entire streamline) – and this depends
solely on horizontal pressure gradients. In an atmosphere
where water vapor undergoes phase transitions, eq. (5) still
describes kinetic energy generation (but not total work) with
reasonable accuracy (see Appendix A for details). [For an
arbitrary part of the streamline kinetic energy generation
Kðr1; r2Þ is not equal to work Aðr1; r2Þ performed by the air
as it moves from r1 with temperature T1 to r2 with tempera-
ture T2, because in this case neither the temperature integral,

�T2T1RdT ¼ RðT2 � T1Þ, nor the integral in eq. (6),

Mg �z2z1dz ¼ Mgðz2 � z1Þ, are zero.]
Equation (3) applies to rotating as well as to non-rotating pla-

nets. As Coriolis force is perpendicular to air velocity, it does not
make any contribution to eq. (1) or wind power (kinetic energy
generation per unit time). Thus, while wind velocitymay be found
assuming geostrophic balance, wind power cannot. Wind power is
non-zero only if the geostrophic balance is broken.

3. Kinetic energy generation and cell size limit
in a Carnot cycle

A Carnot cycle consists of two isotherms and two adiabats
(Fig. 1a). Work outputs on the two adiabats have different signs
and sum to zero. Total work output A;

H
pdV is equal to the sum

of work outputs on the two isotherms and can be written as

A ¼ �RðTþ � T�Þ ln 1þ ΔpC
p

� �

� �RðTþ � T�ÞΔpC
p

: (7)

Here Tþ and T�<Tþ are the temperatures of the two iso-
therms, p is the pressure that the air has as it starts moving
along the warmer isotherm and ΔpC is the pressure change
along the warmer isotherm, ΔpCj j � p (for a derivation, see,
e.g. Makarieva et al., 2010). If the air expands at the warmer
isotherm (cycle ABCDA), we have ΔpC<0 and A>0. The
Carnot cycle is then a true heat engine: it does work on the
external environment and transports heat from the heat source
to the heat sink (Fig. 1a). If the air contracts at the warmer
isotherm (cycle BADCB) we have ΔpC>0 and A<0. The
Carnot cycle functions now as a heat pump: it transports
heat from the heat sink (cold area) to the heat source (warm
area) consuming work from the external environment.

We consider a closed streamline where the adiabats are vertical.
If the atmosphere is horizontally isothermal, then the isothermal
parts of the streamline lie parallel to the surface and thework output
of the cycle is determined by surface pressure difference ΔpC ¼
�Δps (Fig. 1b). If there is a horizontal temperature gradient at the
surface, then the isotherms are no longer horizontal, but have an
inclination that depends on the magnitude of the vertical tempera-
ture lapse rate (Fig. 1c). In this case ΔpC depends on differences in
surface pressure and temperature as well as on the lapse rate.

We consider a hydrostatic atmosphere with a constant lapse rate
Γ;� @T=@z, where temperature and pressure depend on y and z:

Tðy; zÞ ¼ TsðyÞ � Γz; c;
Γ
Γg

; Γg;
Mg
R

; (8)

pðy; zÞ ¼ psðyÞ Tðy; zÞ
TsðyÞ

� �1=c
;psðyÞ 1� Γz

TsðyÞ
� �1=c

: (9)
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Subscript s denotes values of pressure and temperature at the
Earth’s surface. Equation (9) derives from eq. (8) and the
condition of hydrostatic equilibrium (2) (for a derivation see
Makarieva et al., 2015c). It describes a dry adiabat Γ ¼ 9:8 K
km–1 as a special case, but is equally valid for any constant Γ.
In particular, putting Γ ¼ 6:5 K km–1 (the mean tropospheric
lapse rate) we can approximately account for the latent heat
release that occurs in the Earth’s moist atmosphere. In
Appendix B we discuss how our assumption of Γ being
invariant with regard to z and y affects our results.
Consider a cycle with positive total work as in Fig. 1c.

Given the small relative changes of surface pressure and
temperature we can write their dependence on y in the linear
form:

psðyÞ ¼ p� Δps
y
Δy

; TsðyÞ ¼ Tþ þ ΔTs
y
Δy

; (10)

where p; pA, Tþ ;TA, yA ¼ 0, yB0 ¼ yB ¼ Δy, Δps > 0,
and ΔTs > 0.

Streamline equations for the warmer isotherm AB with
temperature Tþ and the colder isotherm CD with temperature
T� are obtained from eqs. (10) and (8):

AB : zðyÞ ¼ ΔTs
Γ

y
Δy

; (11)

CD : zðyÞ ¼ z� þ ΔTs
Γ

y
Δy

; z�;
Tþ � T�

Γ
: (12)

Differentiating eq. (9) over y for constant z and using eqs.
(10)–(12) we obtain from eq. (3) the following expressions for
kinetic energy generation Kþ ;KðrA; rBÞ and K� ;KðrC; rDÞ
at the warmer and colder isotherms, respectively:

Kþ ¼ RTþ
ðΔps=p
0

dx
1� x

� 1

c

ðΔTs=Tþ

0

xdx
1þ x

2
64

3
75; (13)

K� ¼ RT� � Kþ

RTþ þ 1

c

ðΔTs=Tþ

0

Tþ

T� � 1

� �
dx

1þ x

2
64

3
75: (14)

As we discuss below, typical relative differences Δps=ps and

ΔTs=Ts are small (Δps=ps,10�2 and ð1=cÞðΔTs=TsÞ2,10�2).
Therefore, all calculations in eqs. (13) and (14) can be done to
the accuracy of the linear terms over Δps=p and linear and
quadratic terms over ΔTs=Tþ. Integrating eqs. (13) and (14)
and expressing the result in these approximations we obtain:

Kþ ¼ RTþ Δps
p

� 1

2c
ΔTs
Tþ

� �2
" #

;

Aþ ¼ Kþ þ RΔTs
c

; (15)

K� ¼ � T�

Tþ Kþ þ RðTþ � T�Þ
c

ΔTs
Tþ ;

A� ¼ � T�

Tþ Kþ þ RΔTs
c

� �
; (16)

Fig. 1. Hydrostatic Carnot heat engine. (a) Carnot cycle with typical atmospheric parameters: p ¼ 1000 hPa, Tþ ¼ 300 K (isotherm AB), T� ¼
200 K (isotherm CD), ΔpC ¼ �250 hPa. Work output at the warmer (colder) isotherm is equal to heat input (output). BC and DA are adiabats. (b,

c) The same cycle in spatial coordinates y, z in (b) horizontally isothermal atmosphere (ΔTs ¼ 0 K) and (c) in the presence of a horizontal

temperature difference (ΔTs>0 K). (d) Differences in pressure at height z for atmospheric columns above points A and B0, where pressure and

temperature follow eqs. (9) and (8) with surface pressure and temperature at points A and B0 equal to pA ¼ 1010 hPa, TA ¼ 300 K and

pB0 ¼ pA � Δps, TB0 ¼ TA þ ΔTs; thin solid blue curve: Δps ¼ 10 hPa, ΔTs ¼ 0 K; dashed red curve: Δps ¼ 0 hPa, ΔTs ¼ 10 K; thick solid red

curve: Δps ¼ 10 hPa, ΔTs ¼ 10 K.

4 A. M. MAKARIEVA ET AL.

D
ow

nl
oa

de
d 

by
 [

In
st

itu
to

 N
ac

io
na

l D
e 

Pa
sq

ui
sa

s]
 a

t 0
7:

19
 3

0 
N

ov
em

be
r 

20
17

 



A ¼ �RðTþ � T�Þ ln 1� Δps=p

ð1þ ΔTs=TþÞ1=c
" #

;

A;Aþ þ A� ¼ Kþ þ K�;K: (17)

Here Aþ;�VB

VA
p dV and A�;�VD

VC
p dV are the total work outputs

on isotherms AB and CD, respectively; p; pA and Tþ ; TA
are surface pressure and temperature at point A, and p�
Δps ; pB0 and Tþ þ ΔTs;TB0 are pressure and temperature at
point B0. Equation (17) can also be obtained from eq. (7) with
the use of eqs. (8) and (9) and noting that ΔpC ¼ pB � pA
and zB ¼ ΔTs=Γ.

Equations (15)–(17) show that kinetic energy generation
Kþ, K� and total work Aþ, A� on the two isotherms may
have different signs. In particular, at the warmer isotherm
kinetic energy generation Kþ can be either positive (at small
ΔTs) or negative (at large ΔTs), while total work Aþ is always
positive at large ΔTs>0, which reflects the fact that gas
expands at the lower isotherm.

For a horizontally isothermal surface with ΔTs ¼ 0 (Fig. 1b)
we have Kþ > 0 and K� < 0, i.e. kinetic energy generation at
the colder isotherm is negative. This means that in the upper
atmosphere the air must move towards higher pressure (see
Fig. 1d, solid blue line), thus losing kinetic energy. At the
beginning of this path (at point C) the air must possess kinetic
energy exceeding K�j j ¼ ðΔps=pÞRT� to cover the entire iso-
therm CD. If the kinetic energy is insufficient, at a certain
point between C and D it will reach zero. The air will start
moving in the opposite direction under the force of the pres-
sure gradient. For T� ¼ 200 K and Δps ¼ 10 hPa we have

K� ¼ �16:6 J mol�1 or K�=M ¼ �572 J kg�1, where M ¼
29 g mol�1 is molar mass of air. This corresponds to an air

velocity of about
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 K�j j=Mp

,34 m s�1. Such velocities are

common in the upper troposphere, which means that the cycle
shown in Fig. 1b is energetically plausible.

Now consider a situation when Δps ¼ 0, but ΔTs > 0. The
relationship between work outputs is reversed: kinetic energy
generation is negative at the warmer isotherm, Kþ < 0, and
positive at the colder isotherm, K� > 0. This is because at all
heights, except at the surface, air pressure is higher in the
warmer area towards which the low-level air is moving
(Fig. 1d, red dashed line). Thus, now the air must spend its
kinetic energy at the warmer isotherm to overcome the oppos-
ing action of the horizontal pressure gradient force. Using a
typical value of ΔTs,10 K in the Hadley cells for Tþ ¼ 300

K, Γ ¼ 6 K km�1 [2c ¼ 0:35, see eq. (8)] from eq. (15) we

obtain Kþ=M ¼ �273 J kg�1. This means that to travel from

A to B the velocity of the air must exceed
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 Kþj j=Mp

,23

m s�1. This significantly exceeds the characteristic velocities

observed in the boundary layer, which are about 8 m s�1 (e.g.
Lindzen and Nigam, 1987; Schneider, 2006, his figure 1a, b).
Since in the lower atmosphere the air must also overcome

surface friction, total kinetic energy required to move from A
to B with Δps ¼ 0 is larger than estimated from eq. (15).

If the air’s kinetic energy is negligible compared with what is
needed to move from A to B, the required kinetic energy must
be generated on the warmer isotherm. For kinetic energy gen-
eration on the warmer isotherm to be positive (Kþ>0), surface
pressure and temperature differences Δps and ΔTs must satisfy

2c
Δps
p

Tþ

ΔTs

� �2

>1: (18)

For Tþ ¼ 250 K and ΔTs ¼ 50 K, which characterize the sur-
face temperature differences between the equator and the poles,

at p ¼ 1000 hPa and Γ ¼ 6:5 K km�1 (2c ¼ 0:38) we find that
to satisfy eq. (18) the surface pressure difference between the
equator and the pole Δps must exceed 100 hPa. Such a pressure
difference on Earth can be found in intense compact vortices
such as the severest hurricanes and tornadoes; it is an order of
magnitude larger than the typical Δps in the two Hadley cells
(Fig. 2b), which together cover over half of the Earth’s surface.

Using eq. (18) we can express the maximum size of the cell
in terms of surface pressure and temperature gradients
�ps ; @ps=@y ¼ �Δps=Δy, �Ts;@Ts=@y ¼ ΔTs=Δy:

Δy � Lmax ; 2c
�psj j
p

Tþ

�Ts

� �2

: (19)

For the Carnot cycle, the maximum cell size Lmax grows with
an increasing surface pressure gradient and diminishes propor-
tionally to the squared surface temperature gradient. The sur-
face temperature gradient is approximately known: it reflects
the differential solar heating that makes the pole colder than
the equator. Therefore, the key to predicting cell size is to
understand surface pressure gradients.

4. Thermodynamic cycle with rectangular
streamlines

In a Carnot cycle, the ΔTs term in the expression for kinetic
energy generation Kþ is quadratic; see eqs. (15), (18) and (19).
This results from the dual nature of the relationship. First, ΔTs
determines the mean height of the warmer isotherm via the
streamline eq. (11): the greater ΔTs, the greater the mean
height at which the air moves in the lower atmosphere.
Second, ΔTs determines a pressure difference that acts as a
sink for kinetic energy in the lower atmosphere (see Fig. 1d,
dashed line). This pressure difference increases linearly with
small ΔTs and with height. This double effect leads to the
negative quadratic term in eq. (15), which diminishes the rate
at which kinetic energy is generated in a heat engine.

We shall now consider kinetic energy generation Kr in such
a thermodynamic cycle where the vertical adiabats are con-
nected by horizontal streamlines. The air moves parallel to the
surface at a certain height z that is independent of ΔTs. It is a
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cycle with streamlines as shown in Fig. 1b but in the presence
of a surface temperature difference as in Fig. 1c.

Using eqs. (3), (8) and (9) we find that in this case kinetic
energy generation along the horizontal streamlines is given by

Krðy1; y2; zÞ
R

¼ �
ðy2
y1

TsðyÞ � Γz
p

@p
@y

dy

¼
ðy2
y1

Γz
1
ps

@ps
@y

� 1
cTs

@Ts
@y

� �
� Ts

ps

@ps
@y

� �
dy; (20)

which, using eq. (10), becomes

Krðy1; y2; zÞ
R

¼ Γz ln
1� Δps=p

ð1þ ΔTs=TþÞ1=c
" #

� Tþ ln 1� Δps
p

� �

� ΔTs 1þ p
Δps

ln 1� Δps
p

� �� �
: (21)

For the lower AB and upper CD streamlines, kinetic energy
generation is calculated from eq. (21) as follows:
Kþ
r ;KrðyA; yB; zþÞ and K�

r ; � KrðyC; yD; z�Þ, respectively,
where zþ and z� > zþ are the altitudes of these streamlines,
yC ¼ yB and yD ¼ yA.

Retaining linear terms over Δps=p and ΔTs=Tþ [thus dis-
carding the last term in eq. (21)] for Kþ

r and K�
r we find

Kþ
r ¼ RðTþ � ΓzþÞΔps

p
� RΓzþ

1

c
ΔTs
Tþ

¼ RTþ Δps
p

�Mgzþ
ΔTs
Tþ ; (22)

K�
r ¼ �RðTþ � Γz�ÞΔps

p
þMgz�

ΔTs
Tþ ; (23)

Kr ;Kþ
r þ K�

r

¼ �RΓðz� � zþÞ ln 1� Δps=p

ð1þ ΔTs=TþÞ1=c
" #

: (24)

We recognize that Γzþ � Tþ in the second equality in eq.
(22). Note that RΓ=c ¼ Mg [see eq. (8)].

Equation (22) coincides with eq. (15) for a Carnot cycle
(Kþ ¼ Kþ

r ) if z
þ ¼ ΔTs=ð2ΓÞ is equal to the mean height of

the lower isothermal streamline (Fig. 1c). For the upper
streamline eq. (23) coincides with K�, eq. (16), if we put
z� � zþ � z� ¼ ðTþ � T�Þ=Γ, where Tþ ; TA and T� ; TD,
Fig. 1. Under this assumption total work Ar of this cycle
coincides with total work of a Carnot cyle, eq. (17). [It can
be shown using eqs. (9) and (8) that the efficiency of the
‘rectangular’ cycle is lower by a small magnitude of the
order of Γzþ=Tþ.] As in a Carnot cycle, the contribution of
temperature difference ΔTs to kinetic energy generation is
negative at the lower streamline, cf. eqs. (22) and (15), and
positive at the upper streamline, cf. eqs. (23) and (16). But
this negative contribution is not quadratic but linear.

From eq. (22) the condition that Kþ
r > 0 takes the form

Kþ
r ¼ MgHs

Δps
p

� zþ

Hs

ΔTs
Tþ

� �
> 0; (25)

zþ < ze;Hs
Δps
p

Tþ

ΔTs
; Hs ;

RTþ

Mg
: (26)

Here Hs is the atmospheric scale height and ze is the isobaric
height at which the pressure difference between two atmo-
spheric columns turns to zero (Makarieva et al., 2015c).
Equation (26) indicates that the height where the low-level
air moves must be smaller than the isobaric height. Since ΔTs
increases as the cell extends towards the pole, for zþ to be
constant, Δps must grow with ΔTs. If Δps grows more slowly
than ΔTs, then at a certain ΔTs height zþ can turn to zero or, at
constant zþ, Kþ

r becomes negative. The dependence between

Δps and ΔTs thus dictates the maximum cell size as long as Kþ
r

is positive. In Appendices B and C we discuss how eq. (25)

Fig. 2. Long-term mean zonally averaged meridional velocity, sea

level pressure and air temperature T at 1000 hPa calculated from

MERRA data. Black, thick blue and pink dashed curves denote annual

mean, January and July data, respectively. Black circles in (a) indicate

velocity maxima; yN, yS and yE are the Hadley cell outer and inner

borders (for details see Appendix D).
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and its implications are affected by our assumptions of rec-
tangular air trajectories and constant lapse rate.

Our analysis of monthly averaged Δps and ΔTs across
Hadley cells based on MERRA data for 1979–2014 does
indeed suggest a link between the Δps=ΔTs ratio and cell
size (see Appendix D). In those months when the meridional
extension of the cells is smaller than the long-term mean, Δps
and ΔTs are roughly proportional to each other. As the mer-
idional extension of the cells increases, Δps appears to reach a
plateau becoming independent of ΔTs. These emerging pat-
terns require a more detailed analysis at various spatial and
temporal scales.

5. Kinetic energy generation in the meridional
circulation

If the poleward extension of a cell with positive total work
output (a heat engine like the Hadley cell) is limited, another
cell with a negative work output (a heat pump) must occur
poleward of it. This follows from continuity: in the adjacent
cells the air must descend along DA (see Fig. 3a). Hence, in
the lower atmosphere the air must move from the warmer to
the colder region. Such a heat pump requires an external
supply of work, which is provided by neighboring heat
engines. The Earth’s Ferrel cells are heat pumps, while the
Hadley and Polar cells are heat engines (see, e.g. Huang and
McElroy, 2014).

We can apply the relationships developed in the previous
sections to estimate kinetic energy generation in the meridio-
nal circulation as a whole. We view each cell as a thermo-
dynamic cycle where in the lower atmosphere the air moves
parallel to the surface at a height zþ ¼ 1 km, while in the

upper atmosphere it moves parallel to the top of the tropo-
sphere (see Appendix B for a discussion of the validity of this
assumption). Air temperature at the top of the troposphere,
T�, is relatively constant across the cells, while the height of
the troposphere (which is a proxy for cell height z�) is halved
within the Ferrel cells (see Fig. A5 in Appendix D). This
justifies the use of the Carnot formula, i.e. eq. (16) rather
than eq. (23), for the streamlines in the upper atmosphere.
We thus approximate each of the six meridional cells as a
‘hybrid’ thermodynamic cycle with a horizontal streamline
and kinetic energy generation Kþ

r [eq. (22)] in the lower
atmosphere and an isothermal streamline and kinetic energy
generation K� [eq. (16)] in the upper atmosphere (Fig. 3b).

Since we shall use two different equations, eqs. (22) and
(16), to describe total kinetic energy generation within each of
the six cycles, it is convenient to represent global kinetic
energy generation Kg;Kþ

g þ K�
g as a sum of two terms. For

the lower atmosphere using eq. (22) we have:

Kþ
g ¼

X
j¼S;N

X3
i¼1

aij ð�1ÞiMgzþ
ΔTij
Tþ
ij

þ RTþ
ij

Δpij
pij

" #
: (27)

Here summation is over the six cells, three in the Southern
(j ¼ S) and three in the Northern (j ¼ N) Hemisphere, i ¼
1; 2; 3 for Hadley, Ferrel and Polar cells, respectively;
ΔTij ;ΔTsij > 0 and Δpij ;Δpsij > 0 stand for the differences

in surface temperature and pressure within the cell; Tþ
ij and pij

are surface temperature and pressure at the beginning of the
lower streamline (Fig. 3b). We account for cell area (and thus
approximately for the mass of circulating air) by introducing

coefficients aij ¼ sin yEij � sin yPij
�� ��, which is the relative area

of the cell with respect to the area of the hemisphere. Here yP

T+

p

T+ − ΔTs2

p − Δps2

′

T

B
E

A

H

F

G

D
C

B

+ + ΔTs1

p − Δps1

z

y
p2S = p1S

T+
2S = T+

1S

p1N = p2N

T+
1N = T+

2N

p3S

T

Ferrel
Heat engine

Heat pump

(a)
(b)

P
ol

ar

P
ol

ar

Ferrel

Hadley Hadley

+
3S

p3N

T+
3N

pE

T+
E

pS

T+
S

pN

T+
N

Δp1N =p1N−pE

ΔT1N =T+
E −T+

1N

T −
3NT −

3S

T −
2NT −

2S

T −
1NT −

1S

Fig. 3. Heat pumps and heat engines. (a) A Carnot heat pump (cycle EFGHE) bordering with a Carnot heat engine (cycle ABCDA). See Fig. 1

for details. (b) The meridional circulation cells on Earth as approximated by eqs. (27) and (28). Arrows show the direction of air movement.

Empty red circles indicate the latitude of cell borders as determined from meridional velocity values (see Fig. A5a in Appendix D). Black circles

show where temperature and pressure values used in eqs. (27) and (28) were calculated: for j ¼ S;N we have Δp1j ¼ p1j � pE, ΔT1j ¼ Tþ
E � Tþ

1j ;

Δp2j ¼ p2j � pj, ΔT2j ¼ Tþ
2j � Tþ

j ; Δp3j ¼ p3j � pj, ΔT3j ¼ Tþ
j � Tþ

3j (see Fig. A5b and c in Appendix D). The vertical dimension is height z, the

horizontal dimension is sine latitude, which accounts for cell area.

KINETIC ENERGY GENERATION IN HEAT ENGINES AND HEAT PUMPS 7

D
ow

nl
oa

de
d 

by
 [

In
st

itu
to

 N
ac

io
na

l D
e 

Pa
sq

ui
sa

s]
 a

t 0
7:

19
 3

0 
N

ov
em

be
r 

20
17

 



and yE are the latitudes of cell borders closest to the equator
(E) and pole (P). For Polar cells yP ¼ �90°, so

P
j;i
aij ¼ 2.

The coefficient ð�1Þi differentiates heat engines (i ¼ 1; 3)
from heat pumps (i ¼ 2) (Table 1). For a ‘rectangular’ heat
pump where low surface pressure is associated with low sur-
face temperature, such that the air compresses at the lower
streamline, the temperature terms in eqs. (22) and (23) change
their sign. (The pressure terms do not change their sign if, as
in the heat engine, the low-level air moves from high to low
surface pressure.) In a heat pump the temperature difference
makes a negative contribution to kinetic energy generation in
the upper atmosphere and a positive contribution in the lower
atmosphere (Table 1). Thus, kinetic energy generation in the
lower atmosphere should be greatest in heat pumps.

For the upper atmosphere using eq. (16) we have

K�
g ¼

X
j¼S;N

X
i¼1;3

aijK
�
ij þ a2jK

�
2j

" #
; (28)

K�
2j ¼ �RT�

2j

Δp2j
p2j

þ 1

2c

ΔT2j
Tþ
2j

 !2
2
4

3
5

� RðTþ
2j � ΔT2j � T�

2j Þ
1

c

ΔT2j
Tþ
2j

: (29)

Here K�
ij for i ¼ 1; 3 is kinetic energy generation in the heat

engines (Hadley and Polar cells), eq. (16); K�
2j<0 is kinetic

energy generation in the heat pumps (Ferrel cells). It can be
obtained following the procedure that yielded eq. (16) but for
the isotherm GH instead of CD (Fig. 3a).

We used monthly NCAR/NCEP re-analysis data to calculate
total kinetic energy generation Kg ¼ Kþ

g þ K�
g (see Appendix

D). In the lower atmosphere we find that Kþ
g ¼ 55� 6 J

mol�1 is determined by surface pressure differences, which
make positive contributions to Kþ

g in all cells (Table 2). The

contribution of the temperature term is virtually zero, for zþ ¼
1 km (boundary layer) in eq. (27) it constitutes � 1� 3 J

mol�1. The absolute magnitude of the contributions of ΔTs
within individual cells is substantially smaller than that from
Δps: it is positive in Ferrel cells and negative in Hadley cells,
contributing about 20% of Kþ

g by absolute magnitude.
Total kinetic energy generation in the upper atmosphere is

negative, K�
g ¼ �25� 23 J mol�1. Surface pressure differ-

ences make negative contributions in all cells, while the sur-
face temperature contributions are positive in the Hadley and
Polar cells and negative in the Ferrel cells. The linear tem-
perature term is also the most variable: this variability is both
spatial and temporal, reflecting seasonal migration of cell
borders.

Table 1. Contributions of surface pressure and temperature differences to kinetic energy generation for hybrid cycles that have isothermal

streamlines in the upper atmosphere [eq. (16)] and horizontal streamlines in the lower atmosphere [eq. (22)]

Pressure Temperature

All cells Heat engines Heat pumps

Upper atmosphere � RT� Δps
p þ R

c
ΔTs
Tþ Tþ � T� þ ΔTs

Tþ
T�
2

� 	 � R
c
ΔTs
Tþ Tþ � T� þ ΔTs

Tþ
T�
2

� 	
Lower atmosphere þ RTþ Δps

p �Mgzþ ΔTs
Tþ ;� R

c Γz
þ ΔTs

Tþ þMgzþ ΔTs
Tþ ;þ R

c Γz
þ ΔTs

Tþ

Total atmosphere RðTþ � T�Þ Δpsp þ R
c
ΔTs
Tþ Tþ � T� þ ΔTs

Tþ
T�
2 � Γzþ

� 	 � R
c
ΔTs
Tþ Tþ � T� þ ΔTs

Tþ
T�
2 � Γzþ

� 	
For heat pumps the expression is valid for ΔTs � Tþ � T�, cf. eq. (29).

Table 2. Budget of global kinetic energy generation (J mol�1) calculated from eqs. (27) and (28) using zþ ¼ 1 km, c ¼ 0:19 (Γ ¼ 6:5 K km�1)

and the annual mean values of all the other parameters in eqs. (27) and (28) (Fig. A5)

Lower atmosphere Upper atmosphere Lower and upper atmosphere

Total Δps
p

ΔTs
Tþ Total Δps

p
ΔTs
Tþ

ΔTs
Tþ
� 	2 ΔTs

Tþ
Δps
p Total

Ferrel 44 ± 5 30 ± 4 14 ± 2 –152 ± 23 –23 ± 3 –111 ± 17 –18 ± 4 –97 ± 16 7 ± 2 –108 ± 18

Hadley 9 ± 1 20 ± 2 –11 ± 1 108 ± 11 –15 ± 1 116 ± 11 7 ± 1 105 ± 10 5 ± 1 117 ± 11

Polar 2 ± 2 6 ± 3 –4 ± 2 19 ± 4 –5 ± 3 18 ± 4 6 ± 4 14 ± 4 0.7 ± 0.3 21 ± 4

Ferrel + Hadley 53 ± 6 50 ± 6 3 ± 2 –44 ± 21 –38 ± 4 5 ± 18 –11 ± 4 8 ± 17 12 ± 2 9 ± 18

All cells 55 ± 6 56 ± 5 –1 ± 3 –25 ± 23 –43 ± 3 23 ± 18 –5 ± 7 22 ± 16 13 ± 2 30 ± 19

Uncertainty represents the standard deviation for monthly variation (see insets in Fig. A1). ‘Total’ in the last column includes the ðΔTs=TþÞ2
contribution from the upper atmosphere (this term is absent in the lower atmosphere).
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Global kinetic energy generation is Kg ¼ 30� 19 J mol�1.
This is 25% of what is generated by the Hadley system

(KH ¼ 117� 11 J mol�1). This is consistent with the analysis
of Kim and Kim (2013), who found that the net global mer-
idional kinetic power Wg in NCAR/NCEP re-analysis is

slightly positive, albeit different methods of calculations

gave different results: Wg ¼ 0:06 and 0:10 W m�2.

Assuming that the Hadley system contributes 198� 1012 W

(Huang and McElroy, 2014) or WH ¼ 0:4 W m�2 globally, we
conclude that in the NCAR/NCEP re-analysis the net meridio-
nal kinetic power is 15–25% of the kinetic power in the
Hadley system. This is in agreement with our results that are
based on NCAR/NCEP data: Wg=WH ¼ Kg=KH obtained from

eqs. (27) and (28) (Table 2).
An equality between the ratios of power Wi (W) and work

output Ai (J mol�1) in two thermodynamic cycles (i ¼ 1; 2)
implies an equality between the amounts of gas N i=τi circu-
lating per unit time along the considered streamline in each
system: Wi ¼ AiN i=τi, where N i (mol) is the number of
moles circulating along the considered streamline in the ith
circulation, and τi is the time period of the cycle. Thus, if
W1=W2 ¼ A1=A2 then N 1=τ1 ¼ N 2=τ2. We have weighted
kinetic energy generation Kij in each cell by relative cell

area aij, which reflects atmospheric mass within the cell; see

eq. (27). Since
P
j;i
aij ¼ 2, we have Kij ¼ ð2N ij=NÞAij, where

N ij and N are the number of air moles within the cell and the

atmosphere as a whole, respectively. Therefore, if the ratio of
power to kinetic energy generation coincides between any two
circulation patterns, this means that the characteristic times of
air circulation along the considered streamlines within the
cells should coincide as well.

In particular, for the Hadley cells and Ferrel cells kinetic energy
generation is approximately equal (but of different sign) (Table 2).
The same is true for the circulation power (Huang and McElroy,
2014). This means that characteristic times of air circulation (i.e.
the time during which the air completes the closed trajectory)
within these systems should be similar as well. This conclusion is
in agreement with the observation that meridional extent and
meridional velocities in the Hadley and Ferrel cells are similar
(about 30° and 2 m s�1 in the Southern cells) (see Fig. A5a in
Appendix D). Thus, at least for the horizontal part of the stream-
lines the time air takes to cover it is similar among the cells.

The estimated value of Kg is sensitive to the uncertainty in the
determination of the position of cell borders. Since Ferrel cells have
a negative work output, and Hadley and Polar cells positive,
increasing the size of the heat engines by pushing the Hadley cell
border towards the poles or Polar cell border towards the equator
would increase our estimate of global kinetic energy generation.
Conversely, increasing area of Ferrel cells would decrease Kg.

Since cell borders are located where the meridional pressure gra-
dient is about zero (Fig. A5b), the pressure contribution to Kg is

relatively robust and little affected by the uncertainty in determin-
ing the cell borders. However, the surface temperature gradient is
steep between the Polar and Ferrel cells, so any uncertainty in the
determination of these cell borders will affect the magnitude of the
temperature contribution to Kg. In consequence, the estimates of

kinetic energy generation in the Polar cells are least accurate: these
cells are very small (a3j � 1), so any border extension towards the

equator not only increases temperature difference ΔT3j across

them, but also significantly affects the relative cell area a3j.
The estimate of Kg derived from the NCAR/NCEP data

includes a significant contribution from the Polar cells
(because the larger contributions from the Hadley and Ferrel
cells cancel out). The area of the Polar cells is about one-tenth

of the area of Hadley cells, a3S þ a3N,10�1ða1S þ a1NÞ, while
the temperature difference is about two times greater,
ΔT3S þ ΔT3N,2ðΔT1S þ ΔT1NÞ. Thus, kinetic energy genera-
tion in the Polar cells appears to be about one-fifth of what is
generated in Hadley cells (Table 2). This is of the order of the
difference between kinetic energy generation in Hadley and
Ferrel cells. If Polar cells are excluded from consideration,
total kinetic energy generation in the remaining four cells
diminishes threefold to less than 8% of what is generated by
Hadley cells (cf. the last two lines in Table 2). Because of this
uncertainty the sign of the total kinetic energy generation
cannot be robustly established in our analysis. This uncertainty
is not, however, restricted to our approach; it also reflects the
insufficient quality of the available observations. Indeed,
unlike in the NCAR/NCEP data, in the MERRA re-analysis
the total meridional kinetic power is negative: Wg ¼ �0:06 or

� 0:13 W m�2 (Kim and Kim, 2013), which means that in
this re-analysis the Ferrel cells consume more kinetic power
than the Hadley cells produce (Huang and McElroy, 2014).
The pattern common to both MERRA and NCAR/NCEP data
sets is that most kinetic energy generated by the meridional
heat engines is consumed by the meridional heat pumps. This
robust pattern is reproduced by our analysis (Table 2).

6. Discussion and conclusions

We have derived expressions for how kinetic energy generation in
the boundary layer and in the upper atmosphere depends on surface
pressure and temperature differences Δps and ΔTs along the air
streamline [eqs. (15) and (16)]. Our expressions are valid for any
air parcel following a given trajectory irrespective of planetary
rotation. We applied the derived relationships to analyze kinetic
energy generation in Earth’smeridional circulation cells.We found
that a typicalmeridional surface temperature differenceΔTs makes
a larger contribution to total kinetic energy generation in a circula-
tion cell than a typical surface pressure difference Δps (Table 1). In
particular, for the Hadley cells the pressure contribution is less than
5% of the temperature contribution (Table 2, last column).
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However, as we have shown, the surface temperature gradient
plays a double role. The pressure gradient it generates in the upper
atmosphere can be either a source or a sink of kinetic energy – this
depends on whether the upper-level air moves towards the pole
(lower surface temperatures) or towards the equator (higher surface
temperatures). In the first case we have a heat engine with a
positive work output, in the second a heat pump with a negative
work output (Fig. 3a).

These relationships explain why the efficiency of the Earth’s
atmosphere as a heat engine cannot reach Carnot efficiency. An
ideal atmospheric Carnot cycle on Earth consuming surface heat
flux F ¼ 100 W m�2 at surface temperature Tin ¼ 300 K and
releasing heat at Tout ¼ Tin � ΔTC with ΔTC ¼ 30 K would gen-

erate kinetic energy at a rate ofWC ¼ FðΔTC=TinÞ ¼ 10 W m�2.
Recognition that the actual rate of kinetic energy generation on
Earth is several times smaller urged a search for the underlying
processes (e.g. Pauluis, 2011; Schubert and Mitchell, 2013). Here
we have shown that in the presence of a surface temperature
gradient along which several circulation cells are operating, the
global efficiency of kinetic energy generation can never reach
Carnot efficiency. The heat pumps with their negative work output
can in theory reduce the global atmospheric efficiency to zero. For
an atmosphere containing many meridional circulation cells a
Carnot efficiency can be achieved if only the planetary surface is
isothermal and all cells are represented by Carnot cycles with
Δps>0 and ΔTs ¼ 0 K (Fig. 1b).

Our analyses indicate that Ferrel cells consume most of the
kinetic energy generated by the Hadley cells (Table 2). This is
consistent with observations (Kim and Kim, 2013; Huang and
McElroy, 2014). This compensation largely reflects the cancella-
tion of large energy sources and sinks in the upper atmosphere. For
such a cancellation to occur, the positive temperature contribution
in the heat engines must compensate the negative temperature
contribution in the heat pumps as well as the negative pressure
contribution in both heat pumps and heat engines (Table 1). As a
perspective for further research we suggest that this compensation
may result from a dynamic constraint which determines that the
export/import of kinetic energy from/to the upper atmosphere is
small. For a given distribution of surface pressure and temperature,
this condition constrains height z� and temperatureT� of the upper
streamlines (Table 1). In other words, the observed height of the
troposphere as well as the isobaric height can be constrained by the
condition that total kinetic energy generation in the upper atmo-
sphere is small compared with its value within the Hadley cells:
K�
g � K�

1S þ K�
1N, see eqs. (27)–(29). We have previously sug-

gested that rather than these heights being the cause of the ratio
between surface pressure and temperature differences as com-
monly assumed (e.g. Lindzen and Nigam, 1987; Sobel and
Neelin, 2006; Bayr and Dommenget, 2013), they are its conse-
quence (Makarieva et al., 2015c).

The temperature contribution to global kinetic generation in the
lower atmosphere is also relatively small: first, because of the small

factor zþ=Hs<0:1 [eq. (25)]; and second, because it is of different
sign in heat pumps and heat engines (Table 1). Thus, when kinetic
energy generation in the upper atmosphere is negligible, global
kinetic energy generation is determined by surface pressure gradi-
ents. Our analysis highlights that the surface pressure gradients are
not set by surface temperature gradients, as sometimes assumed
(e.g. Lindzen and Nigam, 1987; Sobel and Neelin, 2006), but are
independent parameters.

As the pole is colder than the equator, the temperature difference
ΔTs across the meridional circulation cell grows with increasing
meridional cell extension L. The obtained theoretical expression
for Kþ

r shows that if the surface pressure difference Δps remains

constant, Kþ
r will decrease linearly with growing L. In such a case

the condition that Kþ
r in the boundary layer must be positive will

limit the cell size.
Indeed, increasingL at constantΔps leads to a decrease in kinetic

energy generation Kþ
r at any given height in the boundary layer.

ButKþ
r cannot be less that a certain positive value corresponding to

friction losses. Thus, as soon as this lower limit is reached, a larger
cell becomes impossible. Conversely, if surface friction is reduced,
the poleward cell extension can grow, an effect noted in a model-
ling study by Robinson (1997). Our analysis explains this effect.
Meanwhile, in the upper atmosphere turbulent friction has an
opposite effect on cell size: as friction increases, the poleward
cell extension grows (Marvel et al., 2013).

Our analysis of monthly MERRA data suggests that in Hadley
cellsΔTs does indeed growwithL, but thatΔps reaches a plateau at
some intermediate values of L beyond which it does not grow
further. Further studies are needed to verify this pattern at different
spatial and temporal scales. IfΔps does indeed limitmeridional cell
size, the question arises what determines Δps. In a moist atmo-
sphere surface pressure is influenced by evaporation, condensation
and precipitation. We have previously suggested that the pressure
differences observed in condensation-driven circulation cells
should be of the order of the partial pressure of water vapor at the
surface (Makarieva et al., 2013, 2014). Since partial pressure of
atmospheric water vapor grows with global surface temperature,
pressure differences across theHadley cells could increase, leading
them to extend further towards the poles in a warmer climate. We
thus call for a broader assessment of the impact of evaporation,
condensation and precipitation on surface pressure gradients and
the energetics of meridional circulation.
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Appendix A. Work in the presence of phase
transitions

Here we show that eq. (5) accurately describes kinetic energy
generation in the presence of phase transitions. Consider an air
parcel occupying volume ~V;~NV and containing a total of ~N ¼
~Nd þ ~Nv moles of dry air and water vapor (subscript d and v,
respectively). This air parcel moves along a closed steady-state
trajectory which can be described in ðp;VÞ coordinates (e.g.

Fig. 1a). As far as
H
d~N ¼ 0, the total work performed by

such an air parcel per mole of dry air is

Ap ;
1
~Nd

I
pd~V ¼ 1

~Nd

I
~NpdV þ

I
pVd~N

� �
: (A1)

Here d~N ¼ d~Nv is the change in the amount of air due to phase
transitions of water vapor. Unlike A in eq. (5), Ap (subscript p

refers to the presence of phase transitions) is not a unique

function of the integral
H
p dV (determined by the area

enclosed by the closed streamline in the ðp;VÞ diagram): Ap

also depends on where the phase transitions occur. The ðp;VÞ
diagram lacks this information.

Using the ideal gas law (4), the hydrostatic equilibrium (2)
and considering that

H
dð~NvTÞ ¼

H
dð~NTÞ ¼ ~Nd

H
dT ¼ 0,

we find

Ap ¼ � 1
~Nd

I
~NVdp

¼ � 1
~Nd

I
~NV

@p

@y

����
z¼zðyÞ

dyþ @p

@z

����
y¼yðzÞ

dz

 !
(A2)

¼ �
I

ð1þ γdÞV
@p
@y

����
z¼zðyÞ

dyþ 1
~Nd

I
~NMgdz: (A3)

Here γd ; ~Nv=~Nd � 1. The second integral in eq. (A3) reflects

the difference between the air mass ~NM (kg) that is rising
(dz> 0) and descending (dz< 0) along the trajectory. This
difference is unrelated to kinetic energy generation: it is
caused by phase transitions (condensation and evaporation)
that in the general case occur at different heights z (for further
details, see Makarieva et al., 2015a, 2015b).

We conclude that in the presence of phase transitions, total
work output Ap is not equal to kinetic energy generation
because of the non-zero second integral in eq. (A3),

Ap�K; � H V @p
@y jz¼zðyÞdy. However, kinetic energy genera-

tion as described by the first integral in eq. (A3) coincides
with K ¼ A [eq.(5)] with good accuracy because of the small
value of γd � 1.

Appendix B. Validity of the theoretical
approach

Our derivations have assumed an atmosphere with a constant
lapse rate and isothermal or horizontal air trajectories in the
upper and lower atmosphere. We now examine how these
assumptions affect our two main findings: first, the depen-
dence of cell size on surface pressure and temperature gradi-
ents, eqs. (18) and (26); and second, that the balance between
kinetic energy generated by heat engines and consumed by
heat pumps reflects surface temperature gradients (Tables 1
and 2).

The first finding is based on the expression for kinetic
energy generation Kþ

r in the lower atmosphere. Since Kþ
r as

described by eq. (22) is linear over Δps, ΔTs and z (height of
air motion), eq. (22) with z ¼ �z can be applied to any trajec-
tory of air motion with a sufficiently small mean height �z. This
is because even if the lapse rate Γ varies horizontally and/or
vertically, the smallness of �z will ensure that Tð�zÞ � Tþ (air
temperature is approximately equal to surface temperature) in
the pressure term in eq. (22). For z ¼ 1 km and a typical
tropical ratio Δps=p,ð1=3ÞΔTs=Tþ (Lindzen and Nigam,
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1987; Bayr and Dommenget, 2013; Makarieva et al., 2015c),
the pressure term dominates the value of Kþ

r [eq. (22)]. In
Appendix C we show that spatial variation in lapse rate has a
comparatively minor influence.

Figure A1 shows that most kinetic energy in the lower half
of the troposphere is generated within a narrow boundary
layer: the rate of kinetic energy generation diminishes linearly
with increasing altitude approaching zero for z � 2 km (the
Northern Ferrel cell is an exception discussed below). If
within this layer the distribution of air pressure conforms to
our eq. (9) (which assumes a constant lapse rate), then our
formula for kinetic energy generation in the lower atmosphere
Kþ
r , eq. (22), is reasonable (in calculations in Table 2 we used

z ¼ 1 km). Indeed, Fig. A1a and b shows that in the Hadley
cells in the lowest 2 km the observed pressure difference

across the cell is very close to the theoretical pressure differ-
ence calculated from eq. (9). The reason is that the pressure
scale height Hs [eq. (26)] is governed by surface temperature,
such that whatever differences in lapse rates, given z is small,
they cannot significantly change this height in the boundary
layer.

In the Northern Ferrel cell the generation of kinetic energy
is not confined to 2 km above the sea level (presumably
because this cell includes considerable areas of raised land)
(Fig. A1c). In this cell our theoretical relationship overesti-
mates pressure difference in the lower troposphere: at z ¼ 1
km the theoretical estimate is about 1:5 times larger than the
observed pressure difference (Fig. A1c). However, since the
mean height where kinetic energy is generated in the lower
part of the Northern Ferrel cell is approximately twice the

Fig. A1. Vertical profiles of the observed (solid pink) and theoretical (dashed brown) pressure differences ΔpðzÞ (cf. Fig. 1d) between the

borders of (a) Southern Hadley cell in July, (b) Northern Hadley cell in January, (c) Southern Ferrel cell in July, and (d) Northern Ferrel cell in

January. During these months the cells have maximum power output (see the insets, see key below). The blue curves indicate estimated kinetic

power generation: the product of the mean meridional pressure gradient within the cell by the mean meridional velocity as dependent on height z

as a proxy measure. All variables are divided by their value at the surface; z is height above sea level. The small filled circles denote the

theoretical pressure difference at the top of the troposphere z ¼ hT (mean hT within the cell is shown) and the observed pressure difference at

z ¼ hm, the height where kinetic energy generation in the upper troposphere is maximum. The data are the long-term mean NCAR/NCEP

climatology (see Appendix D). The insets show the monthly variation of the theoretical kinetic energy generation for each cell (thin black lines),

eqs. (27) and (28), compared with the monthly variation of the observed kinetic power output in the same cell (thick gray lines) according to the

data of figures 2 and 7 of Huang and McElroy (2014). The monthly values are divided by the annual mean (for kinetic energy generation the

annual mean value is shown on the graph).
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value of z ¼ 1 km that we assumed for all cells, the two
inaccuracies partially cancel each other in the resulting esti-
mate for kinetic energy generation in the lower atmosphere
(Table 2).

In the upper atmosphere the discrepancy between the theoretical
and observed pressure distributions appears more significant: over
this larger range in altitude the lapse rate variation clearly matters.
For the Hadley cells, the theoretical and observed pressure differ-
ence are similar from z ¼ 0 up to z � hm, where hm is the height
where kinetic energy generation is maximum (Fig. A1a and b). For
z>hm the observed pressure difference declines more rapidly.
However, the theoretical pressure difference at the top of the tropo-
sphere z ¼ hT , which we used as a proxy for the upper streamline,
practically coincides with the observed pressure difference at hm
(Fig. A1). In the Ferrel cells the discrepancy between the theore-
tical and observed pressure distribution is larger than in the Hadley
cells but does not exceed 30%.

Further evidence that eq. (28) successfully captures the
dependence of kinetic energy generation in the upper atmo-
sphere on surface temperature differences is provided by the
seasonal variation in K�

r , as shown in the insets in Fig. A1.
For the heat engines, maximum kinetic energy generation is
attained in the Northern (Southern) Hadley cell in January
(July), when the meridional temperature gradient and, hence,
the temperature difference across the cell are at their max-
imum (see Fig. 2c). For the heat pumps, in the Northern
(Southern) Ferrel cell kinetic energy generation is also max-
imum by absolute magnitude in January (July), but here it is
negative. These patterns conform to our theoretical relation-
ships summarized in Table 1. There is also considerable agree-
ment in the seasonal variability of our theoretical kinetic
energy generation and the observed kinetic power output in
Hadley and Ferrel cells (Fig. A1).

Overall, Fig. A1 indicates that eqs. (27) and (28) provide a
reasonable first-order estimate for the relationship between
kinetic energy generation in the Earth’s meridional circulation
systems.

Appendix C. Spatial variation of lapse rate in
the lower atmosphere

Here we show that eq. (25) remains valid in the presence
of spatial variation in temperature lapse rate, if under ΔTs
we understand the horizontal temperature difference at
one-half the mean height of the lower streamline. In the
formulae below T; Tðy; zÞ ¼ TsðyÞ � ΓðyÞzðyÞ,
p; pðy; zÞ ¼ psðyÞ½Tðy; zÞ=TsðyÞ	1=cðyÞ, where TsðyÞ is surface
temperature, psðyÞ is surface pressure and ΓðyÞ;� @T=@z.

Using these relationships we find

RT

p

@p

@y
jz¼zðyÞ ¼

RT

ps

@ps
@y

þ Ψ; (C1)

Ψ;
RT

c

1

T

@T

@y
� 1

Ts

@Ts
@y

� 1

c

@c

@y
ln

T

Ts

� �
: (C2)

Expanding the logarithm in eq. (C2) over Γz=Ts � 1

ln
T

Ts
¼ ln 1� Γz

Ts

� �
¼ �Γz

Ts
� 1

2

Γz
Ts

� �2

; (C3)

we find from eq. (C3) (note that R=c ¼ Mg=Γ and
T=Ts ¼ 1� Γz=Ts)

Ψ ¼ Mgz
1

Ts

@Ts
@y

� z

2

1

Ts

@Γ
@y

� 1

z

@z

@y

� �
: (C4)

When Ψ is integrated over the boundary layer of a fixed
height, i.e. when zðy1Þ ¼ zðy2Þ, the last term in eq. (C4)
vanishes.

Noting that Γz � T, T � Ts and Δps � ps and that we

defined Δps;� �
y2

y1
ð@ps=@yÞdy, the kinetic energy generation

in the presence of lapse rate variation becomes, cf. eq. (25):

KΓ;�
ðy2
y1

RT

p

@p

@y
jz¼zðyÞdy � MgHs

Δps
ps

� �z

Hs

ΔT
Ts

� �
; (C5)

ΔT;ΔTs � ΔΓ
�z
2
: (C6)

Here ΔT is the horizontal temperature difference at a height
equal to one-half of the mean streamline height �z.

Equation (C5) indicates that with a small �z,1 km any
horizontal variation in lapse rate makes a minor contribution
to kinetic energy generation. (The vertical variation in Γ is
zero in the first approximation, again because z is small). For
example, even if in the boundary layer the lapse rate changes

by ΔΓ ¼ 4 K km�1 (which is approximately the difference
between the dry and moist adiabatic lapse rates), the lapse rate
term in eq. (C5) is negligible compared with the pressure term:

ð�z=HsÞðΔΓ�zÞ=ð2TsÞ,0:7� 10�4 � Δps=ps,10�2.
In the real atmosphere the horizontal variation in lapse rate

is smaller. For example, the zonally averaged lapse rate
between 925 and 850 hPa changes across the Hadley cells
by about 2 K km�1 (Fig. A2). The lower atmosphere of the
equatorial areas of the Hadley cells has a larger lapse rate than
at the higher latitudes (ΔΓ>0). As follows from eqs. (C5) and
(C6), a positive lapse rate difference diminishes the horizontal
temperature difference and thus slightly increases the kinetic
energy generation within the Hadley cells.

In hurricanes the horizontal variation in lapse rate in the bound-
ary layer can reach ΔΓ ¼ �4 K km�1 (e.g. Montgomery et al.,
2006, their figure 4c): as the air spirals in towards the hurricane
center, the lapse rate diminishes, ΔΓ<0. This makes a negative
contribution to kinetic energy generation. But in these systems

Δps=ps > 5� 10�2, which is several times greater than in the
zonally averaged cells, so the pressure term in eq. (C5) remains
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dominant. These considerations add further support to the view that
kinetic energy generation in the lower atmosphere is determined by
surface pressure gradients.

Appendix D. Data and methods

For our analysis of the dependence between differences ΔTs
and Δps of surface temperature and pressure in Hadley cells

we used the MERRA monthly data set MAIMCPASM 5.2.0
downloaded for the years 1979–2014 (one file for each month)
from http://mirador.gsfc.nasa.gov. This data set has a resolu-
tion of 1:25°� 1:25° (144� 288 grid cells). We thus obtained
data for 432 months. For each month, sea level pressure, air
temperature at 1000 hPa and meridional velocity at 1000 hPa
were zonally averaged excluding grid cells corresponding to
land area.

Cell borders were defined as follows: for each month we
first established the long-term mean position of the maxima
of zonally averaged sea level pressure at the outer borders
of the cells; then for each month in each year we defined
the inner border of the cells yE as the latitude of minimum
zonally averaged sea level pressure located between the
long-term maxima (Fig. 2). Sea level pressure values were
considered different if they differed by not less than 0.05
hPa. If there were several minimal pressure values equal to
each other, we chose the one where the absolute magnitude
of the zonally averaged meridional velocity was minimal.

The outer border of the Northern (N) and Southern (S)
cell yN and yS was defined as the latitude poleward of
maximum meridional velocity where the velocity declined
by e times (or changed sign) as compared with the max-
imum (Fig. 2a). This relative threshold was chosen because
the meridional velocity distributions within the two cells are
different: in the Northern Hemisphere the seasonal change
of meridional velocities is greater than it is in the Southern
Hemisphere (Fig. 2a). As we are interested in kinetic energy
generation that depends on velocity, we defined the cell
borders relevant to velocity. Temperature changes in the
regions where velocity is close to zero do not have an
impact on the kinetic energy generation.

For each month we calculated zonally averaged difference
in sea level pressure (SLP) and surface temperature as follows:
Δpsj ;SLPðyjÞ � SLPðyEÞ, ΔTsj ;TðyEÞ � TðyjÞ, j ¼ S;N.

For each cell we then ranked the 432 ΔTs values from the
smallest to the largest and divided them into three arrays of
equal length (terciles), 144 values in each: the first tercile
contains 144 lowest values, while the third tercile contains
144 highest values of ΔTs. Within each tercile, the dependence
of Δps on ΔTs was calculated and its parameters reported in
Fig. A3a and b. The same procedure was applied in Fig. A3c–f
to analyze the relationship of Δps, ΔTs and their ratio with the
meridional extension L of Hadley cells.

We find that both in the Northern and Southern cells the
dependence between Δps and ΔTs changes with growing ΔTs.
While for the smaller values of ΔTs the relationship in both
cells is identical and the proportionality coefficient is about 1

hPa K�1, it decreases markedly (in the Northern cell reaching
zero) with growing ΔTs (Fig. A3a and b). At constant zþ this
results in declining kinetic energy generation [eq. (22)].

Fig. A2. Annual mean latitudinal profiles of the air temperature

lapse rate on different pressure levels in the tropics. Curve 1 in (a)

shows the mean lapse rate between 1000 and 925 hPa; curve 11 –

between 150 and 100 hPa. Panel (b) shows the relative horizontal

variation – at each pressure level the lapse rate at a given latitude is

divided by the mean lapse rate at this level (averaged between 30°S

and 30°N). The equator has a higher lapse rate than the 30th latitudes

in the lower and upper – but not the middle – troposphere. The data

are long-term mean NCAR/NCEP climatology (see Appendix D).
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Furthermore, while the total surface temperature difference
grows with the cumulative extension L; yN � yS of the
Hadley system, the total surface pressure difference reaches
a plateau of 17 hPa for L � 64° latitude (Fig. A3d and e).
Accordingly, for L<64° the ratio of cumulative pressure and
temperature differences for the Hadley system is essentially

constant at around 1 hPa K�1, but for larger L it declines by
about one-third as L grows up to the maximum observed
values (Fig. A3f). For zþ>0 kinetic energy generation declines
for L>64° latitude. For zþ ¼ 2 km Kþ

r becomes zero at the
observed maximum extension of the Hadley system, Lmax ¼
72:5° latitude (Fig. A4).

For our analysis of total kinetic energy generation in the
atmosphere, we used NCAR/NCEP monthly re-analyses data
provided by the NOAA/OAR/ESRL PSD, Boulder, Colorado,
USA, from their website at http://www.esrl.noaa.gov/psd/
(Kalnay et al., 1996). These data include geopotential height

Fig. A3. Relationships between surface temperature and pressure differences and the meridional extension of the Hadley system. (a–c)

Dependence of Δps on ΔTs in (a) Northern Hadley cell, (b) Southern Hadley cell, (c) Hadley system as a whole:

Δpstot;ΔpsN þ ΔpsS ¼ psðyNÞ þ psðySÞ � 2psðyEÞ, ΔTstot;ΔTsN þ ΔTsS ¼ TsðyNÞ þ TsðySÞ � 2TsðyEÞ (Fig. 2). (d–f) Dependence of ΔTstot (d),

Δpstot (e) and their ratio (f) on the total extension of the Hadley system (L;yN þ ySj j) (degrees latitude). Solid lines denote linear regressions

y ¼ axþ b for the terciles of x, each containing 144 values, for x ¼ ΔTs (a, b), x ¼ ΔTstot (c) and x ¼ L (d–f). Regression parameters are shown in

each panel starting from the first tercile.

Fig. A4. Kinetic energy generation Kþ
r at different altitudes zþ in

the lower atmosphere versus Hadley system size L as determined from

eq. (22) using the established relationships between Δpstot and ΔTstot
from Fig. A3d and e.
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and air temperature at 13 pressure levels, sea level pressure
and meridional velocity at 1000 hPa on a 2:5
 � 2:5
 grid. We
averaged the data for each month for the period 1979–2013.
Then each variable was zonally averaged producing 73 values
for each month for each latitude from 90°S to 90°N. For land
the sea level pressure and 1000 hPa air temperature and
meridional velocity data are not measurable; the NCAR/
NCEP model extrapolations were used (i.e. land areas not
excluded).

We defined the cell borders as the grid points where the
zonally averaged meridional velocity at 1000 hPa is closest to
zero while changing its sign (Fig. A5a). We approximated
temperature of the upper streamline T�

ij (Fig. 3b and
Fig. A5c) as the temperature of the top of the troposphere.
The latter was defined following Santer et al. (2003) as the
height hT where the vertical temperature lapse rate in the

upper atmosphere diminishes to ΓT ; 2 K km�1. For each
latitude, the lapse rate Γl between any two pressure levels
was determined as ΓlðzÞ ¼ �ðTlþ1 � TlÞ=ðhlþ1 � hlÞ for
z ¼ ðhl þ hlþ1Þ=2, where Tl and hl are the zonally averaged
air temperature and geopotential height at pressure level l
(Fig. A2). If for some l in the upper atmosphere Γl�1>ΓT>Γl,
we determined the top of the troposhere hT ¼ hl�1 þ ðΓl�1 �
ΓTÞ=ðΓl�1 � ΓlÞðhlþ1 � hl�1Þ=2 assuming locally a linear
dependence of lapse rate on z.

In Fig. A1 the observed horizontal pressure differences
ΔpðzÞ across the Hadley and Ferrel cells were calculated
using the hydrostatic relationship @p=@z ¼ �p=H and the
chain rule @p=@y ¼ �ð@p=@zÞð@z=@yÞ, where y is distance
along the meridian [see also figure 2e–h of Makarieva et al.
(2015c)]. For each cell (i ¼ 1 for Hadley, i ¼ 2 for Ferrel)

ΔpðzÞ ¼ ð�1Þiþ1ðpl=HÞ½hlðyEÞ � hlðyPÞ	 for
z ¼ ½hlðyEÞ þ hlðyPÞ	=2. Here pl is pressure of the lth pressure
level; yP and yE are the latitudes of cell borders closest to the
pole and equator, respectively; pressure scale height H ¼
RTl=ðMgÞ [see also eq. (26)], M ¼ 29 g mol�1, and Tl ¼
½TlðyEÞ þ TlðyPÞ	=2 is the mean air temperature at level l.
-

Fig. A5. Annual mean values of parameters used to calculate global

kinetic energy generation. Empty red circles denote cell borders

defined in (a) as the points where meridional velocity changes sign.

Black circles show temperature and pressure values used in eqs. (27)–

(29) (see also Fig. 3b).

KINETIC ENERGY GENERATION IN HEAT ENGINES AND HEAT PUMPS 17

D
ow

nl
oa

de
d 

by
 [

In
st

itu
to

 N
ac

io
na

l D
e 

Pa
sq

ui
sa

s]
 a

t 0
7:

19
 3

0 
N

ov
em

be
r 

20
17

 


	Abstract
	1.  Introduction
	2.  Kinetic energy generation and work in a hydrostatic atmosphere
	3.  Kinetic energy generation and cell size limit in a Carnot cycle
	4.  Thermodynamic cycle with rectangular streamlines
	5.  Kinetic energy generation in the meridional circulation
	6.  Discussion and conclusions
	Acknowledgment
	Disclosure statement
	Funding
	References
	Appendix A.  Work in the presence of phase transitions
	Appendix B.  Validity of the theoretical approach
	Appendix C.  Spatial variation of lapse rate in the lower atmosphere
	Appendix D.  Data and methods



