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We present conclusive results obtained for the full metrical characterization of the chaotic
attractor reconsiructed from the numerical time series solutions obtained from a nonlinear set
of equations which describes the ezcitation of a purely transverse slow electromagnetic wave by
a relativistic electron beam.

The study of nonlinear dynamics has lead to the development of a powerful framework for
characterizing, forecasting and controlling systems independent of their linearity. In particular,
the theory of dynamical systems and deterministic chaos! has provided several tools to analyse
chaotic time series.? The idea is that the long term behavior of chaotic nonlinear dissipative
systems can often be associated with a strange attractor (chaotic, i.e., with sensitive dependence
on initial conditions) with fractal (i.e., non-integer) dimension.

Given a time series, a theorem due to Takens® permits the reconstruction of the dynamics
in a pseudo-phase space, in general topologically equivalent to the trajectory in the real phase
space. The metrical characterization of this reconstructed attractor provides information about
expansion rates of initially near trajectories (Lyapunov exponents), about the rate of production
of information in the system (Kolmogorov-Sinai entropy) and about the minimum number of
degrees of freedom necessary to describe the dynamics of the system (generalized dimensions).
One positive Lyapunov exponent is a necessary condition to deterministic chaos; a nonzero finite
positive Kolmogorov-Sinai entropy is a sufficient condition. The dimension of the attractor
provides an estimate of the complexity of the dynamics.

In this paper we perform the full metrical characterization of the the attractor reconstructed
from the numerical time series solutions of the nonlinear set of equations which describes the
excitation of a purely transverse slow electromagnetic wave (EMW) by a relativistic electron
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The solutions were obtained using the critical parameter u = p, = 5.55338. We estimate the
Lyapunov exponent spectrum A, the correlation dimension D, (generalized dimension of order

two) and the generalized entropy of order two, K. 7,700 points are retained in the numerical
time series and the Taken’s reconstruction theorem is used throughout. Both D, and K, are
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lower bounds, respectively, to the Hausdorff-Besicovitch dimension and the Kolmogorov-Sinai
entropy, but in most of the cases, are good approximation to these quantities.

To estimate the Lyapunov exponent spectrum we use two different algorithms: the Sano-
Sawada algorithm (SS)* and the Eckmann-Ruelle algorithm (ER).5 Let us briefly describe each
one of these methods considering a single time series z;, j = 0,1,..., N, z; = s(to + Aj), where
A is the sampling time.

The starting point for the SS algorithm is the Takens time delay method.? The reconstructed
attractor according to this method is Z; = {z;, Zj4r-.., Zj4(a-1)r}, Where 7 is the delay used in the
reconstruction (usually of order of the signal autocorrelation time) and d is the local | embedding
dimension of the attractor. Now we define a neighbourhood &j) = §; — EJ around £, such that
€ — £J| < €maz- Then we calculate the d x d matrix A(j) of linear transformation by least-square
fitting, i.e., £(j + m) = A(§)€(j), where m is the evolution time of the system, usually of order
of the auto-correlation time of the signal. The spectrum A, is given by

A= 1i

ZhllA(J)uJ|71_1 v, (5)
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where n is ~ 5 and N = nm. The orthogonal basis vector 4} is calculated through the Gram-
Schmidt reorthogononalization of W} with &} = A(j — l)uJ_l

For the ER algorithm we also start with the Takens’method but we reconstruct the attractor
using tgy = 1, thus E-; = {Z;,Zj41s s 1‘;+(d6—1)} where d; is the global embedding dimension of
the attractor. The neighbour points offJ are now defined by ¢; = &i— f, with max [2;46 -2 44| <
€maz for 0 < a < dg — 1. We calculate a d x d Jacobian matrix using the least-square fitting
€5+4m = J;&;, where m and d are the same variables as those of SS algorithm, but with d < dg
and dg = (d — 1)m + 1. Now we use the Householder triangularization of the Jacobian matrix
Ji, ie, J;Q;-1 = R;Q; where Q; and Q,_, are orthogonal matrices, Qo is an unitary matrix
and R; is an upper-triangular matrix. }; is giving by

A= 2 In ), (6)
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where rf-;- =(R;)iri=1,..,d,n~ % —d,and N = nm.
To estimate D, and K, we use the Grassberger-Procaccia algorithxn[6’7]. The idea behind
this algorithm is to use the Takens reconstructed trajectory which can be characterized by a

correlation integral Cd(l) proportional to the number of euclidean distances between two points
of the trajectory smaller than a correlation length £, i.e.,

—7 > Y o(L-1&-§) (7)
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where 0 is the Heaviside function and Nt is the number of vectors E_:

In general, C4(¢) shows, in the limit £ — 0, N — o0 and d — oo, a scaling law C9(¢) o £D.
Then, the slop of log [Cd(l)] x log(¢), for sufficiently high N7 and d converges to the dimension
D, for increasingly embedding dimensions.

K, follows from (3). It is possible to show® that:

Loy

(
KDt - 0d - 00) ~ cd+1(z) (8)

To estimate K, we look at the asymptotic behavior of (I/7)In(C4(£)/C*(£)) x d for high
embedding dimension d and small £. For an infinite time series, results for D, A; and K,
should be the same, independently of the variable used to perform Takens’ reconstruction of the
attractor or the particular algorithm used. But, in general, we work with a finite time series.
As a consequence, the fluctuations in the results should be considered by taking average values.
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Table 1. Lyapunov exponents (A;) generalized entropy of order two (K;) and
correlation dimension (D,). Errors are given by standard deviation
of the mean.

Variable used in A K -2 D,
the reconstruction Sano-Sawada Eckmann-Ruelle
uy A =0.27+0.05 A =0.274+0.06 | 0.22+0.03 | 1.98 £ 0.05

Az = —0.01+£0.05| A, =0.04 £0.05
Az =-0.26+0.09 | A3 = ~0.14 £ 0.08
Uy A =0.32£0.02 Ap = 0.36 £0.04 | 0.31+0.03 | 2.03 +0.08
Az = 0.06 £ 0.05 A2 = 0.04 £ 0.04
Az = —-0.19+0.09 | A3 = —0.20 + 0.05

Results from u; and u, time series with u = u. = 5.555338, which are presented in Figs.
1-3 and summarized in Table 1, permit to conclude for the presence of deterministic chaos in
the dynamical behavior of the system for this critical value of y. Figure 1 shows the Lyapunov
exponent spectra for the attractor reconstructed from the u; (Figs.(a), (b))and u, (Figs.(c), (d))
temporal series for the critical parameter y = 5.55338. Results were obtained using the Sano-
Sawada algorithm (Figs.(a), (c)) and the Eckmann-Ruelle algorithm (Figs.(b), (d)). Horizontal
dashed lines show the estimated values. In Figure 2, graphs on the left show the local slope
analysis of the log, C({) x log,({/Lo) curves from d = 2 to d = 10 for reconstructed from u,
(Figs.(a), (b)) and u, (Figs.(c), (d)) with p. = 5.55338. The graphs on the right show the slopes
as a function of the embedding dimension d. Figure 3 shows the values for Kgd) = In[Cyq/Cy41]
as a function of d. Dashed horizontal lines show the results: for the u, series K, = 0.22 + 0.03
(Fig. a); for the u; series K, = 0.31 £ 0.03 (Fig. b). Both results refer to the critical parameter
pe = 5.55338. In effect, average values obtained from Table 1 are A; = 0.31 + 0.05, A\, =
0.03 £ 0.06, A3 = 0.22 + 0.09, K, = 0.27 £ 0.04 and # = 2.00 + 0.12. In particular, we observe
that the results obtained seem to be consistent with the Pesin equality K = ¥°,.,o Ai, where K
is the Kolmogorov-Sinai entropy, which means that the density on the attractor (distribution of
probability) can be eventually invariant.
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