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In this letter, we comment on the applicability of the derived characteristic equation (Eq. (7)) in
a recently published article of Guoxin [Rev. Sci. Instrum. 86, 014704 (2015)]. To validate our
comment, we first derive another characteristic function for determination of complex permittivity
of dielectric materials for the configurations considered in the above article using calibrationindependent uncorrected S-parameters for transmission-line measurements (coaxial-line, waveguide,
free-space, etc). Unlike the characteristic equation in this article, the characteristic equation derived
here for determination of the complex permittivity of liquid samples does not require any knowledge about the complex permittivity of plugs, used for holding liquid samples in place. We then
performed 3-D full-wave simulations for the measurement configurations presented in Guoxin’s
article for substantiation of the characteristic equation derived in this letter. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4926595]

I. INTRODUCTION

In the article,1 Dr. Guoxin derived a characteristic equation [Eq. (7) along with Eq. (8)], including relative complex
permittivity of the plug ε r p , for the determination of relative
complex permittivity (ε r s ) of a liquid sample using the 2D Newton-Raphson numerical method.2 We think that this
characteristic equation should not include ε r p since, as shown
in this letter, extraction of ε r s depends only on the electromagnetic properties of a reference medium (usually the universally
accepted air medium) to be discussed in our letter. We will
comment on this point in our letter by first discussing the
concept of the reference medium, then deriving a characteristic
equation that relies solely on the electromagnetic properties of
the sample, and finally validating this characteristic equation
for representative cases.

II. THE CONCEPT OF REFERENCE MEDIUM

A typical stratified composite structure is demonstrated in
Fig. 1(a) for illustration of the concept of a reference impedance. Here, the composite structure is composed of N cascaded
isotropic, linear, and homogeneous layers with different electromagnetic properties and with different lengths. To simplify
the analysis, it is assumed that the whole structure extends to
infinity in the transverse dimensions (horizontal axis is taken
as the longitudinal dimension).
For the analysis of composite materials such as the one in
Fig. 1(a), either the transfer (ABCD) matrix technique3–5 or the
wave cascade matrix (WCM) technique6–23 can be used. Before application of each of these techniques, a linear, isotropic,

and homogeneous reference medium with a small length δ can
be assumed between each adjacent layer as shown in Fig. 1(b).
In line with the theoretical analysis in Ref. 1, in our letter we
consider the WCM technique for analysis of the composite
structure in Fig. 1(a). Based on this technique, the WCM
matrix of each layer (without each reference medium) can be
written in terms of scattering (S-) parameters as1,8,10,16–24


1 (S12k S21k − S11k S22k ) S11k 
, k = 1, 2, . . . , N.
Mk =
S21k 
−S22k
1 

(1)
To be in line with the analysis given in Ref. 1, assuming that each medium in Fig. 1(a) is reflection-symmetric
(S11 = S22) and reciprocal (S12 = S21), reflection and transmission S-parameters of each medium can be written as


Γk 1 − Tk2
Tk 1 − Γk2
, S21k = S12k =
, (2)
S11k = S22k =
1 − Γk2Tk2
1 − Γk2Tk2
where
Γk =

γr − γ k
,
γr + γ k

Tk = exp(−γk L k ).

(3)

Here, Γk and Tk are the (semi-infinite) reflection and propagation terms of each layer, L k is the length of each layer,
and γk and γr are the propagation constants of each medium
and the reference medium, respectively. We want to highlight
that the circumstance of reflection asymmetry (S11 , S22)25,26
and transmission asymmetry (non-reciprocity) (S12 , S21)27
is encountered in bi-anisotropic and chiral materials, respectively. We also point out that the assumption that each medium
in Fig. 1(a) is transmission symmetric ensures that the whole
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FIG. 1. (a) A stratified composite material with N layers and (b) use of reference medium in between each layer.

structure in Fig. 1(a) is transmission symmetric. Besides, it is
not always true to assume that if each layer is reflection asymmetric, the whole structure in Fig. 1(a) will also be reflection
asymmetric.28,29
In addition to the WCM representation of each medium as
given in Eq. (1), we can as well write the WCM representation
for each reference medium with length δ in Fig. 1(b). Before continuing further, let us first consider the expressions of
reflection and transmission S-parameters of the reference medium. Assuming that the reference medium is reflection symmetric and transmission symmetric, we obtain from Eq. (3) for
δ = 0 (to obtain the original structure in Fig. 1(a)),
Γr = 0,

Tr = 1,

(4)

where Γr and Tr are the (semi-infinite) reflection coefficient
and the propagation factor of the reference medium. Substituting the values of Γr and Tr from Eq. (3) into Eqs. (1) and (2)
yields
S11r = S22r = 0,

S21r = S12r = 1,

1
Mr = 
0

0
,
1

(5)

where S11r , S21r , S12r , and S22r are the forward and backward reflection and transmission S-parameters of the reference
medium and Mr is the WCM representation of the reference
medium.
As a result, the overall WCM matrix Mt of the whole
structure in Fig. 1(a) can be found by multiplication of the
WCM matrices of each medium in Fig. 1(b) as
Mt =

N


Mk ,

(6)

k=1

since Mr is a square 2 × 2 identity matrix for δ = 0.

III. DERIVATION OF A CHARACTERISTIC EQUATION

In this section, we will specialize the general treatment
of the WCM matrix analysis in Sec. II to the 3-layer problem
shown in Fig. 1 in Ref. 1. In this reference, two three-layer
configurations are taken into consideration. In the first one,
there is a line section with length l completely filled with air,
sandwiched between two plugs (PTFE) with lengths l p1 and

l p2. The second configuration is identical to the first configuration except that the air line section is replaced with a sample
whose electromagnetic properties are to be sought for. Then,
using Eq. (6), overall WCM matrices of each configuration in
Fig. 1 in Ref. 1 can be written as
Ma = Tm1TmaTm2,

Ms = Tm1TmsTm2,

(7)

where Ma and Ms are the overall WCM matrices of air-filled
and sample-filled line sections in Fig. 1 in Ref. 1. Here, Tm1
and Tm2 (in general Tm1 , Tm2) are the WCMs for modeling
the transition sections between the vector network analyzer
(VNA) and the measurement cell (line section) (more generally, these WCMs denote error (correction) matrices including
microwave probes, connectors (launchers), source and load
match errors, tracking (frequency) errors, and hardware imperfection of VNA (e.g., VNA IF mixer conversion factor)6–23);
and Tma and Tms are, respectively, the WCMs when the line
section in Fig. 1 in Ref. 1 is empty and loaded with the
sample.
Substituting Eqs. (2) and (3) into Eq. (1), expressions of
Tma and Tms matrices can be derived as

 T 2 − Γ2
Γi 1 − Ti2 
1
i
i



Tmi =
= TΓiT0iTΓ−1
i ,
1 − Γi2Ti2 
1 − Γi2 Ti −Γi 1 − Ti2
(8)
 1
TΓi = 
Γi

Γi 
,
1 

T
i
T0i = 
 0

0 
,
1/Ti 

i = s, a,

(9)

where Γi and Ti are given in Eq. (3).
We note from Eq. (8) and Eq. (3) in Ref. 1 that they are
identical to one another if the reference medium is assumed to
be the plug medium with electrical permittivity ε r p . However,
for most of the cases, the reference medium is assumed to
be air7–23,30,31 for logical reasons. In addition, assuming that
the structure in Fig. 1(a) involves just one medium and that it
is linear, isotropic, homogeneous, reflection symmetric, and
transmission symmetric, then from Eqs. (2) and (3) the Sparameters of this medium will be
S11 = S22 =

Γ1 1 − T12
1 − Γ12T12


,

S21 = S12 =

T1 1 − Γ12
1 − Γ12T12


,

(10)
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where
Γ1 =

γ r − γ1
,
γ r + γ1

T1 = exp(−γ1 L 1).

(11)

Equations (10) and (11) will only be correspondingly identical
to those used in the literature if the propagation constant of the
reference medium γr is considered as air (γ0).32–40
To be in line with the expressions in the literature referenced to air (compatible with post-calibration and pre-measurement processes), from now on we assume that the reference medium is assumed to be air. Now, we are at a point to
derive a characteristic equation different than the one in Eq.
(7) in Ref. 1. Toward this end, multiplying Ms with the inverse
of Ma in Eq. (7) we find
−1 −1 −1
−1 −1
Ms Ma−1 = Tm1TmsTm2Tm2
TmaTm1 = Tm1TmsTma
Tm1,

(12)

where the effect of the unknown error WCM matrix Tm2 on
Ms Ma−1 is removed.
Besides, from linear algebra, it is well-known that the
trace of a square matrix “⋆” (denoted by Tr(⋆)) is used to
obtain the sum of eigenvalues of this square matrix (sum of
diagonal elements in this square matrix) with real or complex entries [determinant of the same matrix “⋆” (denoted by
det(⋆)) is used to calculate product of the same eigenvalues].
Thus, the sum of eigenvalues of the multiplied matrix Ms Ma−1
in Eq. (12) is equal to
−1 −1
−1
Tr(Ms Ma−1) = Tr(Tm1TmsTma
Tm1) = Tr(TmsTma
),

(13)

where the last expression in Eq. (13) comes from the similarityinvariance property of Tr. With this operation, it evident that
the effect of the other unknown error WCM matrix Tm1 on
Ms Ma−1 is removed.
Using Eqs. (8) and (13), we derive the following characteristic equation for the determination of the complex permittivity of a liquid sample with length l:

F(Γs ,Ts ,Ta ) = Ts2 − Γs2 − TaTr(Ms Ma−1) 1 − Γs2 Ts

+ Ta2 1 − Γs2Ts2 = 0.
(14)
We note that the derived characteristic equation in Eq. (14)
is independent of plug parameters for extraction of electromagnetic properties of the liquid sample. The reason behind
this fact is twofold. First, in our formalism we assume that a
thin layer of air region (as a reference medium) with length
δ is present between each plug and the sample (and the air
medium filling the line section), as discussed in Sec. II, and
then let the thickness of this air layer approach zero (δ = 0)

to realize the measurement configurations in Fig. 1 of Ref. 1.
Second, as expected from the property of similarity-invariance
of the Tr operation, the plugs should have no effect on extraction of electromagnetic parameters of the sample. This is
because the measurement configurations in Fig. 1 in Ref. 1
both contain the same plugs for the same length of line section,
which is initially empty and then filled with the sample, and
the Tr operation eliminates the effects of error matrices Tm1
and Tm2 on this extraction. This situation does not mean
that the characteristic equation in Eq. (7) in Ref. 1 is not
correct; but, it simply means that air medium, as is usual,
instead of plug should have been considered as a reference
medium.
When we compare our derived characteristic equation in
Eq. (14) with the characteristic equation in (7) in Ref. 1 and
with other equations in the literature, we draw the following
points. First, considering that the length of the empty air line
in Fig. 1 of Ref. 1 reduces to zero (Ta = 1), meaning that the
configuration in Fig. 1(a) of Ref. 1 reduces to the setup in
Fig. 1(a) of Ref. 17, Eq. (14) in this letter simplifies to
Ts +

det(Ms + Ma )
1
= Tr(Ms Ma−1) =
− 2.
Ts
det(Ma )

(15)

It is seen from Eq. (15) that it is identical to Eq. (8) in Ref. 17.
Besides, Eq. (15) in this letter is also equal to Eq. (7) (and Eq.
(8)) of Ref. 8 if WCM of a zero-length line section (fully filled
with the same unknown sample) is considered (l i = 0 or l j = 0
in the formalism in Ref. 17). We further note that Eq. (15) in
this letter is as well in complete agreement with the expressions
in Table 1 in Ref. 7. Second, the characteristic equation in
Eq. (14) in this letter is much simpler than the characteristic
equation in Eq. (7) in Ref. 1.

IV. VALIDATION

To substantiate the derived characteristic equation in
Eq. (14) and compare it with the characteristic equation in (7)
in Ref. 1, S-parameter simulations of both configurations in
Figs. 2(a) and 2(b) were performed by using a commercial 3D full electromagnetic simulation software (Computer Simulation Technology (CST) Microwave Studio C 41), which is
based on the finite integration technique. In the first configuration, Fig. 2(a), there is an empty waveguide section (airline) with length l = 4.0 mm in between two identical polytetrafluoroethylene (PTFE) plugs with identical lengths l p
= 2.0 mm. In the second configuration, Fig. 2(b), a Plexi-

FIG. 2. (a) A waveguide cell with an empty air region with length l between two identical PTFE plugs with lengths l p and (b) the same cell but loaded with a
Plexiglas sample (l).
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glas sample with length l = 4.0 mm is sandwiched between
the same identical PTFE plugs assuming no air gaps [we
used Plexiglas sample just for the purpose of demonstration
of the correctness of the derived characteristic equation in
Eq. (14) instead of a liquid sample]. In simulations, both
configurations were positioned within a waveguide section
operating at X-band (frequency coverage 8-12 GHz, cutoff
frequency f c = 6.557 GHz, broader dimension a = 22.86
mm, and narrower dimension b = 10.16 mm). Therefore, to
simulate such an environment, electric boundary conditions
for which tangential components of electric fields are zero
(Et = 0) were applied at x y and xz planes for waves propagating in the x direction. To input electromagnetic energy and
extract electromagnetic response, we also applied 2 waveguide
ports (shown by a red color) at y z planes as seen in Fig. 2.
Additionally, in CST simulations, we assumed that over Xband, dielectric properties of the PTFE plugs and the Plexiglas
were assumed to be ε r p  2.07 − j0.0001 and ε r s  3.60
− j0.035, respectively. [In Ref. 1, complex permittivity of the
PTFE plugs was assumed to be ε r p  2.07 − j0.0001.] We
finally note
we considered

 that for waveguide measurements,
γ0 = j k 0 1 − ( f c / f )2 and γ = j k0 ε r s − ( f c / f )2 where k0
is the free-space wavenumber (phase constant) and f is the
operating frequency.
Using the boundary conditions discussed above, we obtained forward and backward reflection and transmission Sparameters for both configurations in Figs. 2(a) and 2(b). For
example, Figs. 3(a) and 3(b) illustrate the magnitudes of Sparameters obtained from the CST simulations. We next determined Ms and Ma from Eqs. (1) and (2). Then, we calculated
the complex permittivity of Plexiglas ε r s using the derived
characteristic equation in Eq. (14) in this letter and the characteristic equation in Eq. (7) of Ref. 1. In the calculations,
we used the function “fminsearch” of MATLAB C with the
same calculation parameters (maximum number of function
evaluations allowed as 106 with a termination tolerance of
10−5). This function finds the minimum of an unconstrained
multivariable function (here, real and imaginary parts of ε r s ) in
derivative-free manner. Fig. 4(a) demonstrates the frequency
dependence of magnitudes of calculated characteristic equations derived in this letter and the one in Ref. 1 by using the

FIG. 4. (a) Dependencies of magnitudes of the characteristic equations in
Eq. (14) in this letter and Eq. (7) in Ref. 1 and (b) extracted ℜe{ε r s } of the
Plexiglas sample by the characteristic equations in this letter and Ref. 1.

relative complex permittivity of the Plexiglas sample. Besides,
Fig. 4(b) illustrates the extracted ℜe{ε r s } of Plexiglas by
both characteristic equations in addition to its assumed value
(3.6). We note from Fig. 4(a) that frequency dependencies of
characteristic equations derived in this letter and that in Ref. 1
are almost equal to one another over the whole band. In addition, we notice from Fig. 4(b) that extracted ε r s values of the
Plexiglas sample by these characteristic equations are indistinguishable and in good harmony with the assumed ε r s of the
Plexiglas sample. The discrepancy between extracted values
and the assumed ε r s stems from finite discretization of the CST
program and from dispersive characteristics of both the PTFE
plugs and the Plexiglas sample in the simulations.42,43
We have validated the derived characteristic equation
in Eq. (14) by considering the configurations in Figs. 2(a)
and 2(b). Nonetheless, these configurations assume that two
identical plugs are connected to the sample. In what follows,
we will extract the relative complex permittivity of the same
Plexiglas sample (with length L = 4.0 mm) in between two
different dielectric plugs with identical lengths l p = 2.0 mm
(non-identical lengths can also be assumed) by using our
derived characteristic equation in Eq. (14). The plug on the left
side of the Plexiglas sample is still assumed to be the PTFE

FIG. 5. Magnitudes of simulated S-parameters of (a) the waveguide cell with
FIG. 3. Magnitudes of simulated S-parameters of (a) empty waveguide cell
an empty air region with length l = 4.0 mm between a PTFE plug with length
with length l = 4.0 mm between two identical PTFE plugs with lengths l p
l p = 2.0 mm and a lossless FR4 plug with length l p = 2.0 mm and (b) the
= 2.0 mm and (b) the same cell filled with a Plexiglas sample (l = 4.0 mm).
same cell filled with a Plexiglas sample (l = 4.0 mm).
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2W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Numerical

FIG. 6. (a) Dependence of magnitude of the characteristic equation in
Eq. (14) and (b) extracted ℜe{ε r } of the Plexiglas sample by the characteristic equation in Eq. (14).

sample (ε r p1  2.07 − j0.0001) while the plug on the right
side of the sample is assumed to be a lossless FR4 material
(ε r p2  4.3). Without changing the boundary conditions in our
CST Microwave Studio, we have simulated the configurations
in Figs. 2(a) and 2(b) with the right-side plug as FR4 dielectric.
Figs. 5(a) and 5(b) illustrate the magnitudes of simulated Sparameters for these new configurations.
After obtaining the S-parameters for these new configurations, we then used the function “fminsearch” of MATLAB C
with the same calculation parameters (maximum number of
function evaluations allowed as 106 with a termination tolerance of 10−5) by using the characteristic equation in Eq. (14)
in our letter. The dependencies of the characteristic equation
in Eq. (14) and the extracted ℜe{ε r s } of the Plexiglas sample
over X-band are shown in Figs. 6(a) and 6(b). We note from
Figs. 4 and 6 that frequency dependencies of the characteristic
equation and the extracted ℜe{ε r s } are, respectively, consistent with one another.
The two different simulation results considered in this
letter validate the correctness of the derived characteristic
equation in Eq. (14) in our letter and thus demonstrate that
there is no need for information about complex permittivity
of plugs (identical or non-identical) for extraction of complex permittivity of liquid samples using the configurations in
Fig. 1 in Ref. 1.
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