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ABSTRACT
We study the role of time dependent magnetic ellipticities ( B ) on the calculation of the braking index of pulsars.
Moreover, we study the consequences of such a  B on the amplitude of gravitational waves (GWs) generated by
pulsars with measured braking indices. We show that, since the ellipticity generated by the magnetic dipole is
extremely small, the corresponding amplitude of GWs is much smaller than the amplitude obtained via the
spindown limit.
Key words: gravitational waves – pulsars: general – stars: neutron
explain the observed braking index ranges (see, e.g., Allen &
Horvath 1997; Eksi et al. 2016, and references therein for
further models). Another possibility is that the magnetic
moment of the star changes in time, through either a change in
the surface ﬁeld strength or the angle between the magnetic
and spin axes(see, e.g., Muslimov & Page 1995; Pandey &
Prasad 1996; Link et al. 1998; Epstein & Link 2000, and
references therein). Following this line, it was advanced in(de
Araujo et al. 2016a, 2016b) that the appropriate combination
of gravitational and electromagnetic contributions on the
spindown could explain the measured braking indices.
Because of that, we model the braking indices of these
pulsars taking into account the spindown due to magnetic
dipole and GW brakes, besides considering either the surface
magnetic dipole and the angle between the magnetic and
rotation axis being time dependent.
Based on the above discussion, the aim of the present paper
is to extend the analysis of de Araujo et al. (2016a, 2016b)
focusing mainly on the role of atime dependent magnetic
ellipticity ( B ) on the calculation of the pulsars’ braking indices.
Here, we show that it is possible to obtain useful equations to
calculate theso-called efﬁciency η (or the fraction of deceleration related to GW emission),  B and the amplitude of the GWs.
It is worth mentioning, that a time dependent  B stems
naturally from the fact that such a quantity depends on the
strength of magnetic ﬁeld and on the angle between the
magnetic and rotation axes, which, as already mentioned,
depend on time in our approach.
The paper is organized as follows. Section 2 is devoted to a
brief investigation of the deformation of a pulsar by its
magnetic ﬁeld. In Section 3, we revisit the associated energy
loss focusing mainly on the energy balance, when both
gravitational and classic dipole radiations are responsible for
the pulsar’s spindown. Also, we elaborate upon the evolution
of other pulsars’ characteristic parameters (i.e., the mean
surface magnetic ﬁeld B0 and the magnetic dipole direction
f), and we include now the role of a time dependent magnetic
ellipticity. In Section 4, we consider the gravitational
radiation emitted by a rotating star, distorted by its internal
magnetic ﬁeld. Finally, in Section 5, we summarize the main
conclusions and remarks. In this paper, we work with
Gaussian units.

1. INTRODUCTION
Recently, gravitational waves (GWs) have been directly
detected(Abbott et al. 2016) for the ﬁrst time. This signal,
named GW150914, has been identiﬁed as coming from the
ﬁnal fraction of a second of a coalescence of two black holes
(BHs), which resulted in a spinning remnant BH. Such
anevent, though predicted, has not been observed yet via
any other means. Even more recently, a second signal, named
GW151226, has been detected(Aasi et al. 2016), which has
also been identiﬁed as coming from the coalescence of two
BHs. This second event reinforces that we are witnessing the
dawn of a new ﬁeld in astronomy, namely, the ﬁeld of the GW
astronomy.
Rapidly rotating neutron stars are also promising candidates
for GW signals, which could be detected by Advanced LIGO
(aLIGO) and Advanced Virgo (AdVirgo) in thenear future. It
is well known that these sources might generate continuous
GWs whether or notthey areperfectly symmetric around their
rotation axes.
In the context of pulsars, the so-called braking index n,
which is a quantity closely related to the pulsar’s spindown,
can provide information about pulsars’ energy loss mechanisms. Such mechanisms can include, among others, GW
emission. Since pulsars can also spindown through GW
emission associated withasymmetric deformations(see, e.g.,
Ferrari & Rufﬁni 1969; Ostriker & Gunn 1969), it is
appropriate to take into account this mechanism in a model
that aims to explain the measured braking indices. Recently,
Archibald et al. (2016) showed that PSR J1640–4631 is the
ﬁrst pulsar with a braking index greater than three, namely
n = 3.15  0.03. Until very recently, only eight of the ∼2400
known pulsars have braking indices accurately measured. All
these braking indices are remarkably smaller than the
canonical value (n = 3), which is expected for the pure
magneto-dipole radiation model (see, e.g., Lyne
et al. 1993, 1996; Livingstone et al. 2007; Espinoza et al.
2011; Weltevrede et al. 2011; Roy et al. 2012; Archibald &
Kaspi 2015). Several interpretations for the observed braking
indices have been put forward, like the ones that propose
either accretion of fall-back material via a circumstellar disk
(Chen & Li 2016), the so-called quantum vacuum friction
effect(Coelho et al. 2016), relativistic particle winds (Xu &
Qiao 2001; Wu et al. 2003), or modiﬁed canonical models to
1
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Table 1
Periods (P) and Their First Derivatives (Ṗ ) for Pulsars with Known Braking Indices (n)
Pulsar
PSR
PSR
PSR
PSR
PSR
PSR
PSR
PSR
PSR

P˙ (10-13 s s−1)

P(s)

J1734–3333
B0833–45 (Vela)
J1833–1034
J0540–6919
J1846–0258
B0531+21(Crab)
J1119–6127
J1513–5908
J1640–4631

1.17
0.089
0.062
0.050
0.324
0.033
0.408
0.151
0.207

22.8
1.25
2.02
4.79
71
4.21
40.2
15.3
9.72

n
0.9±0.2
1.4±0.2
1.8569±0.0006
2.140±0.009
2.19±0.03
2.51±0.01
2.684±0.002
2.839±0.001
3.15±0.03

References

ò

Espinoza et al. (2011)
Lyne et al. (1996)
Roy et al. (2012)
Livingstone et al. (2007)
Archibald & Kaspi (2015)
Lyne et al. (1993)
Weltevrede et al. (2011)
Livingstone et al. (2007)
Archibald et al. (2016)

10-7 (-5)

1.2 ´
4.9 ´ 10-10 (-8)
5.5 ´ 10-10 (-8)
1.1 ´ 10-9 (-7)
1.0 ´ 10-7 (-5)
6.1 ´ 10-10 (-8)
7.2 ´ 10-8 (-6)
1.0 ´ 10-8 (-6)
8.9 ´ 10-9 (-7)

η

1.1 ´ 10-13 (-9)
8.3 ´ 10-14 (-10)
1.9 ´ 10-13 (-9)
5.7 ´ 10-13 (-9)
1.3 ´ 10-12 (-8)
7.5 ´ 10-13 (-9)
5.8 ´ 10-13 (-9)
6.0 ´ 10-13 (-9)
2.8 ´ 10-13 (-9)

Note. Also shown are ò and η for k = 10 (1000).

2. ELLIPTICITY OF MAGNETIZED STARS

3. MODELING PULSARS’ BRAKING INDICES:
THE ROLE OF A TIME DEPENDENT MAGNETIC
DIPOLE ELLIPTICITY

This section deals with the pulsars’ deformations induced by
a strong magnetic ﬁeld, relying mainly on the seminal works of
Chandrasekhar & Fermi (1953), Bonazzola & Gourgoulhon
(1996), and Konno et al. (2000). In this regard, GW emission
from magnetic distorted stars was duly discussed by Regimbau
& de Freitas Pacheco (2006) and Palomba (2001). The
aforementioned distortion is supposed to be symmetric around
some axis inclined with respect to the rotation axis. In order to
investigate the effect arising from magnetic stress on the
equilibrium of stars, let us introduce the ﬁducial equatorial
ellipticity, deﬁned as(see, e.g., Shapiro & Teukolsky 1983;
Padmanabhan 2001; Aasi et al. 2014)

=

Ixx - Iyy
Izz

,

In this section, we consider the role of the time dependent  B ,
discussed in the previous section, in the modeling of the
pulsars’ braking indices.
To proceed, we follow one of our previous papersclosely(de Araujo et al. 2016a, 2016b) in which a detailed
derivation of the braking index,taking into account the
magnetic dipole brake, as well as a GW brake. As is well
known, and already discussed in the aforementioned previous
works, if the pulsar magnetic dipole moment is misaligned with
respect to its spin axis by an angle f, the energy per second
emitted by the rotating magnetic dipole is given by (see, e.g.,
Landau & Lifshitz 1975; Padmanabhan 2001),

(1 )

16p 4 B02 R 6 sin2 f 4
E˙d = f rot ,
c3
3

where Ixx, Iyy, and Izz are the moment of inertia with respect to
the rotation axis z, and along directions perpendicular to it. It
was shown by Chandrasekhar & Fermi (1953) that the ﬁgure
of equilibrium of an incompressible ﬂuid sphere with an
internal uniform magnetic ﬁeld that matches an external
dipole ﬁeld, is not represented by a sphere. The star becomes
oblate by contracting along the axis of symmetry, namely
along the direction of the magnetic ﬁeld(see, e.g., Coelho
et al. 2014). Thus, we consider that the ﬂuid sphere is
deformed in such a way that the equation of the ellipticity
arising from the magnetic ﬁeld is given by(Bonazzola &
Gourgoulhon 1996; Konno et al. 2000; Regimbau & de
Freitas Pacheco 2006)
B 2 R4
 B = k 0 2 sin2 f ,
GM

(3 )

where R is the radius of the star, frot is the rotational frequency,
and c is the speed of light.
On the other hand, a spheroidal body with moment of inertia,
I, and equatorial ellipticity, ò, emits GWs. In this case, the
energy loss via GW emission reads(see, e.g., Shapiro &
Teukolsky 1983)
2048p G 2 2 6
(4 )
E˙ GW = I  f rot .
5
c5
Now, we consider that the total energy of the star is provided
2
by its rotational energy, E rot = 2p 2I frot
, and any change on it
is attributed to both Ėd and ĖGW . Therefore, the energy balance
reads
6

E˙ rot º E˙ GW + E˙d,
(2 )

(5 )

consequently, it follows immediately that
512p 4 G 2 5
4p 2 B02 R 6 sin2 f 3
f˙rot = I frot frot .
5
5 c
3
Ic 3

where B0 is the dipole magnetic ﬁeld, R and M are,
respectively, the radius and mass of the star, f is the angle
between the spin and magnetic dipoles axes, while the factor κ
is the distortion parameter, which depends on both the star
equation of state (EoS) and the magnetic ﬁeld conﬁguration.
In the next sections,we consider the role of a time dependent
 B on the calculation of pulsars braking index; and after that we
evaluate  B and η as well as their consequences on the
calculations of the GW amplitudes generated.

(6 )

Now, we can obtain the equation for the braking index n
whose deﬁnition reads
n=

frot f¨rot
.
2
f˙

(7 )

rot

Recall that a pure magnetic brake, in which a dipole
magnetic conﬁguration is adopted, leads to n=3, whereas a
2
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pure GW brake leads to n=5(Shapiro & Teukolsky 1983).
From the observational point of view, the literature shows that
almost all pulsars with measured braking indices have n < 3
(see Table 1). However, there is one exception: PSR
J1640–4631 presents a braking index n  3.15. Therefore,
neither a pure GW brake nor a pure magnetic dipole brake are
supported by the observations.
We have recently shown that the braking index of PSR
J1640–4631 can be accounted for a combination of GWs and
magnetic dipole brake(see de Araujo et al. 2016a). As is well
known, a possible way to explain brake indices n < 3
considers that the magnetic ﬁeld and/or the angle between
the rotation and magnetic axis are time dependent. Since we
consider in the present paper that the ellipticity has a magnetic
origin, a consequence thereof is that this quantity is time
dependent too.
To proceed, by substituting Equation (6) and its ﬁrst
derivative into Equation (7), the braking index reads
n = n0 +

⎡ B˙
⎤
frot
(n - 1) ⎢ 0 + f˙ cot f⎥ ,
˙frot 0
⎣ B0
⎦

Figure 1. Term in brackets (g) as a function of η.

conveniently written in terms of the rotational period
(P = 1 frot ) and its ﬁrst derivative (Ṗ ), in order to be directly
applied to the data of Table 1. Notice that the above equation
shows that, in principle, it is possible to obtain n < 3 if the
appropriate combination of B˙0 and ḟ turns the term in brackets
positive. In order to proceed, it is interesting to calculate the
term in brackets as a function of η for the pulsars of Table 1.
For the sake of simplicity, the term in brackets is rewritten as
follows.

(8 )

with
n0 = 3 +

2
1+

5 c 2B02 R 6 sin2 f
2
384 Gp 2I 2 2f rot

,

(9 )

where we consider that B˙0 and ḟ are not null and consequently
 B depends on time. Notice that if one considered that  B did not
depend on time the term (n 0 - 1) would be substituted by
(5 - n 0 ) (see de Araujo et al. 2016b).
The above equation for n can be rewritten in terms of the
efﬁciency of thegeneration of GWs. This quantity stems
naturally from the following reasoning. Equation (6) can be
interpreted as follows: the term on the left side stands for the
resulting deceleration (spindown) due to magnetic dipole and
GWbrakes, the terms on the right side denote the independent
contributions of these decelerating processes, respectively.
Then, Equation (6) can be rewritten in the following form
f˙rot = f˙GW + f˙d .
(10)

⎡ B˙
⎤
g = g (B0, B˙0, f , f˙ ) º ⎢ 0 + f˙ cot f⎥.
⎣ B0
⎦

Thus, the term in brackets as a function of η for a given pulsar
reads
g=-

which, by replacing the appropriate quantities, reads
1
1+

5 c 2B02 R 6 sin2 f
2
384 Gp 2I 2 2f rot

.

From Equation (11), it follows immediately that
E˙ GW = hE˙ rot ,

(12)

(13)

thus η can be interpreted as the efﬁciency of GWgeneration.
Notice that, from Equations (8) and (12), it follows
immediately that n 0 = 3 + 2h . Consequently, we ﬁnally
obtain an equation that relates the braking index to the
efﬁciency of generation of GWs, namely
⎡ B˙
⎤
P
n = 3 + 2h - 2 (1 + h ) ⎢ 0 + f˙ cot f⎥ ,
˙
⎣ B0
⎦
P

(n - 3 - 2h ) P˙
.
2 (1 + h ) P

(16)

In Figure 1,we present the term in brackets (g) as a function of
η. This ﬁgure shows that it is,in principle, possible, as already
mentioned, to ﬁnd a suitable combination of B˙0 and ḟ in order
to have n < 3 and GWs be generated.
It is believed that magnetic ﬁelds should decay in pulsars,
usually due to the Ohmic decay, Hall drift, and ambipolar
diffusion(Jones 1988; Goldreich & Reisenegger 1992) on
timescales of theorder of (106–107) years(see, e.g., Goldreich
& Reisenegger 1992; Graber et al. 2015, and references
therein). Nevertheless, there are also suggestions that the
timescales for B0 decay could actually be smaller, of theorder
of105 years (Igoshev & Popov 2014, 2015). However, timescales of the order of ~108 years have been suggested, based
on population synthesis techniques (see Mukherjee &
Kembhavi 1997; Regimbau & de Freitas Pacheco 2000, 2001).
Also, numerical simulations by Bhattacharya et al. (1992),
Hartman et al. (1997), and Mukherjee & Kembhavi (1997)
suggest that the observed properties of the pulsar population are
consistent with decay times longer than the pulsar lifetime.
Thus, bearing in mind that B0 ~ 1012–1013 G , let us assume
B˙0 < 0 and ∣B˙0∣ ~ 10-2–10-1 G s-1 (see, e.g., Coelho
et al. 2016). Since the Crab pulsar has an observationally
inferred f˙  3 ´ 10-12 rad s-1 (Lyne et al. 2013, 2015; Yi &
Zhang 2015; Coelho et al. 2016), let us consider the
implications of these parameters. For instance, consider the

As a realization of our analyses, let us deﬁne now the fraction
of deceleration related to GW emission, namely
f˙
h º GW ,
(11)
f˙rot

h=

(15)

(14)

3
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representative angle f = p 4 and B˙0 = -0.05 G s-1, from
which we obtain g  3 ´ 10-12 s-1.
Notice that PSR J1640–4631 can also have its braking index
n=3.15 consistently explained. In our previous paper (see de
Araujo et al. 2016a), h = 0.075, andin the present model we
can have 0  h  1, depending on the values of B˙0 and ḟ .

Finally, by substituting this last equation into Equation (21),
one immediately obtains that
h=

In this section, we show that it is possible to obtain useful
equations to calculate η,  B and the amplitude of the GWs.
Recall that one usually ﬁnds in the literature the following
equation
5 G I ∣ ˙frot∣
,
2 c 3 r 2 frot

B 

h

(18)

(19)

On the other hand, recall that the amplitude of GWs can also be
written as follows
h=

2
16p 2G If rot
,
c4
r

(20)

(see, e.g., Shapiro & Teukolsky 1983), which with the use of
Equation (19) yields an equation for ò in terms of P, Ṗ
(observable quantities), η and I, namely

=

˙ 3
5 c 5 PP
h.
4
512p G I

(21)

Recall also that,for a pure magnetic brake, one can readily
write that
3Ic 3 ˙
B¯0 sin2 f =
PP ,
4p 2R 6

3Ic 3
PP˙ (1 - h ) k.
4p 2GM 2R 2

288 I 3c P˙ 2
k.
5 GM 4R 4 P

(27)

In this paper,we extend our previous studies (de Araujo
et al. 2016a, 2016b) on the pulsar spindown in which we
considered a combination of GW and magnetic energy dipole
loss mechanisms. In particular, we explore in the present paper
some consequences of an ellipticity generated by the magnetic
dipole of the pulsar itself. It is well known that for magnetic
ﬁelds of large strengths (~1012–1015 G ), the equilibrium
conﬁguration of a neutron star can be distorted due to the
magnetic tension.
Then, we ﬁrst study the role of a time dependent  B on the
calculation of the pulsars’ braking indices. We argue that a time
dependent  B stems naturally from the fact that such a quantity
depends on the strength of the magnetic ﬁeld and on the angle
between the magnetic and rotation axes, which can well be time
dependent. This time dependent  B modiﬁes the equation that
relates n, η, etc. Instead of a multiplicative factor (1 - h ) in
Equation (14), we now have a factor of (1 + h ).

(23)

which is obviously smaller than one, as it should be.
Substituting this last equation into Equation (2), one immediately obtains that

B =

(26)

5. CONCLUSIONS AND FINAL REMARKS
(22)

where B̄0 would be the magnetic ﬁeld whether the break is
magnetic only. In the case in which there is also a GW brake
contribution,one has B0 < B¯0 . Notice that the appropriate
combination of Equations (12) and (21) provides the following
equation for the efﬁciency η
⎛ B ⎞2
h = 1 - ⎜ 0⎟ ,
⎝ B¯0 ⎠

PP˙k

Now, we are ready to calculate  B and η for the pulsars of
Table 1. To do so, we can adopt ﬁducial values for M, R,and
I. Regarding the distortion parameter κ, as already mentioned,
it depends on the EoS and the magnetic ﬁeld conﬁguration. In
particular, we chose k = 10 and k = 1000, which have the
same orders of magnitude of the values considered by, for
example, Regimbau & de Freitas Pacheco (2006). It is worth
noting that the higher value of κ adopted is probably
unrealistic (see, e.g., Regimbau & de Freitas Pacheco
(2006)for a brief discussion). In the last two columns of
Table 1,we present the result of these calculations. Notice that,
even considering an extremely optimistic case, the value of the
ellipticity is at best  B ~ 10-5 (for PSR J1846–0258) and the
corresponding efﬁciency h ~ 10-8. Thus, the GW amplitude in
this case would be four orders of magnitude lower than the
amplitude obtained by assuming the spindown limit (h = 1).
Since the predicted GW amplitudes are extremely small for all
pulsars of Table 1, even advanced detectors such as aLIGO and
AdVirgo, and the planned Einstein Telescope (ET) would not
be able to detect these pulsars, whether or not the ellipticity is
of magnetic dipolar origin. For example, if we consider again
PSR J1846–0258, in its best scenario, and recalling that the
sensitivity depends on the squared root of the integration time,
thousands of years would be needed for such a pulsar being
detected by ET-D (see Hild et al. 2011, for its sensitivity
curve).

where f¯˙rot can be interpreted as the part of f˙rot related to the GW
emission brake. Thus, the GWamplitude is now given by
5 G I ∣ ˙¯frot∣
5 G I ∣ ˙frot∣
h¯2 =
=
h.
2 c 3 r 2 frot
2 c 3 r 2 frot

3Ic 3
4p 2GM 2R 2

and

(17)

(see, e.g., Aasi et al. 2014),where one is considering that the
whole contribution to f˙rot comes from the GW emission, which
means that one is implicitly assuming that n = 5. This equation
must be modiﬁed to take into account that n < 5.
From Equation (11), we can write
f¯˙rot = hf˙rot ,

(25)

Notice that Equations (24) and (25) allow us to obtain  B and
η in terms of M, R, I, P,and Ṗ for any given value of κ. Since
in practice h  1, one can readily obtain the following useful
equations

4. CALCULATING η,  B AND THE AMPLITUDE OF GWS

h2 =

288 I 3c P˙
(1 - h )2 k 2 .
5 GM 4R 4 P

(24)

4
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Second, we consider the role of the aforementioned
deformation in the putative generation of GWs by the pulsars.
In particular, we obtain useful Equations, (26) and (27), with
which one can calculate  B and η in terms of I, M, R, κ and the
observable quantities P and Ṗ .
From Equation (26), we ﬁnd that  B is extremely small
(<10-5) for the pulsars of Table 1, even for an unrealistic
k ~ 10 3. In addition, from Equation (27), one notices that
h < 10-8 for these very pulsars. Consequently, the amplitudes
of the GWs for these pulsars are at best four orders of
magnitude smaller than that obtained by assuming the
spindown limit. Therefore, these results suggest that even
advanced GW observatories will not be able to detect the
pulsars of Table 1.
In a publication to appear elsewhere, we intend to extend the
present study, in particular, that related to the GWs, for all
pulsars with measured P and Ṗ , and discuss their putative
detections.
Last but not least, the conclusions related to the detectability
of GWs are obviously dependent on the ellipticity generated by
the magnetic dipoles of the pulsars themselves. Whether there
is some mechanism that could generate larger ellipticities,the
prospects for the detection of the pulsars of Table 1 would be
less pessimistic.
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