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Revisited Position-Velocity Integration Formulas for In-Flight

Self-Alignment of GPS-Aided Inertial Navigation Systems

Rian Koja1

Instituto Nacional de Pesquisas Espaciais

Visiona Tecnologia Espacial

Waldemar de Castro Leite Filho2

Instituto Nacional de Pesquisas Espaciais

CLC - Castro Leite Consulting

Abstract. This paper reviews and adapts the framework for attitude initialization of an
Inertial Navigation System with Position-Velocity Integration formulas, which are based on
measurements from GPS receiver and inertial sensors. It is shown that some shortcomings
of such methods are more critical for a simplified comparison algorithm, which in turn
helps create a derived method, based on some logical conditions checks that allow on-line
declaration of convergence for the computed attitude.
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1 Introduction

The alignment of an Inertial Navigation System (INS) consists in determining it’s
initial attitude from its sensors and possibly with external aid. A significant of research
effort is dedicated to the development of alignment techniques, due both to the possible
divergence when out of the linear region [4] and the improvement in convergence time
that a good alignment provides. Self-alignment is the denomination given to a process
that does not rely on external knowledge of the attitude.

A special case of self-alignment occurs for In-Flight Alignment, when the INS can
neither be requested to remain stationary nor controlled to be leveled for the benefit of
alignment. This can be useful when aiding systems had been unavailable for a period after
which the propagated attitude is no longer reliable. Several works describe Kalman-filter
like techniques for In-flight alignment, such as [8] or [1].

An interesting method is presented in [12] and related works that is not based on
Kalman-Filtering techniques but rather on attitude optimization methods. This method
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is briefly explained in Section 2, along with some of the related background. It is demon-
strated that such method is not guaranteed to converge in Section 4. Also, the proposed
optimization is shown to possibly provide little or no gain over a deterministic attitude
determination method, which in turn makes the method’s flaws more evident. Some pre-
liminary research to overcome such shortcomings and developing on-line criteria to assert
convergence is presented. This is achieved with analytical deductions and analyzing sim-
ulated data presented on Section 3.

2 Theoretical Background

Classical initialization schemes rely on solving an attitude estimation problem from
the measurements available to the INS. The TRIAD algorithm, first described on [2] is a
simple solution to the attitude (deterministic) determination problem, it is used both on
the current work and for simple stationary alignment techniques. Given two (unit) vectors
uA and vA expressed in A frame, and their counterparts uB and vB expressed in B frame,
the rotation matrix between such frames CBA can be computed.

Stationary alignment can be proceeded by assuming the inertial system has no kine-
matic acceleration during initialization period, such that the measured specific force in
body frame matches the local gravity fB = gB, then also the measured angular rate of
the platform is the Navigation frame rate with respect to the inertial frame, which for a
stationary object matches the Earth’s rotation: ωBBI = ωBNI = ωBEI .

Optimal attitude estimation traces back to the Wahba’s problem and is a least square
solution to the problem of determining attitude when several measured vectors uk are
available and the following cost functional J is to be minimized:

J =
1

2

∑
k

ak
∣∣uBk − CBAuAk ∣∣2 (1)

Where ak is a positive weighting coefficient. Several algorithms to find the solution of
this problem exist, one of the most popular being the QUEST algorithm [9]. The Singular
Value Decomposition (SVD) method will be used in this work for simplicity and robustness
of implementation [6]. It consists of:

K =
∑
k

aku
B
k (uAk ) = UΣV T = Udiag[Σ11 Σ22 Σ33]V

T (2a)

CBA = Udiag[1 1 (detU)(detV )]V T (2b)

Where U and V are orthogonal and Σ11 ≥ Σ22 ≥ Σ33. Having established such
methods, they can be applied to INS alignment if a set of vectors is known in both
Body frame (B) and Navigation Frame (N , or NED for North-East-Down). This allows
computing the matrix CNB . Frames with unspecified time are to be understood as with
respect to current time (i.e. N = N(t)), while 0 stands for the instant the alignment
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process is to start. While most filtering techniques try to improve the estimation of CNB
as t progresses, it is noted that:

CNB = C
N(t)
N(0)C

N(0)
B(0) C

B(0)
B(t) = C

N(t)
E(t) C

E(t)
E(0)

(
C
N(0)
E(0)

)T
C
N(0)
B(0) C

B(0)
B(t) (3)

Where E stands for the Earth-Fixed Earth-Centered (ECEF) frame. C
N(t)
E(t) can be

computed directly from GPS position measurements, and its initial value C
N(0)
E(0) can be

stored. A simplified Earth rotation model is used to compute C
E(t)
E(0). The right-hand side

of the equation is used below for further developments. Meanwhile C
B(0)
B(t) can be initialized

with identity, and updated at high rate with measurements from the Inertial Measurement
Unit (IMU), by using quaternions:

û = ωbbi/
∥∥∥ωbbi∥∥∥ (4a)

∆q =
[
cos(|ωbbi|dt/2), sin(|ωbbi|dt/2)ûT

]T
(4b)

q
B(t)
B(0) = ∆q ⊗ qB(t−dt)

B(0) (4c)

Where ⊗ stands for quaternion multiplication. All frame transformations are per-
formed with quaternions for the simulations described in Section 3, even the matrices
computed with TRIAD and SVD methods are converted to quaternions with code adapted
from [3], normalization and sign checks are also performed. The analytical developments
are done with matrices for the sake of conciseness.

The technique proposed in [12] starts from the well known kinematic equation [5]:

v̇N = CNB f
B−(2ωNIE + ωNEN )× vN + gN (5)

Notably, assuming availability of GPS position and velocity measurements, the rotation
rates and the local gravity acceleration can be computed with on-board models. Applying
the expansion from equation 3:

v̇N = C
N(t)
N(0)C

N(0)
B(0) C

B(0)
B(t) f

B−(2ωNIE + ωNEN )× vN + gN (6)

Collecting alike terms:

C
N(0)
N(t)

[
v̇N−(2ωNIE + ωNEN )× vN + gN

]
= C

N(0)
B(0) C

B(0)
B(t) f

B (7)

The initial attitude matrix C
N(0)
B(0) is the unknown to be estimated. The other right-

hand side terms are computed from the IMU measurements. The left-hand side terms can
be computed directly from the GPS measurements, except for v̇n, which can be eliminated
by proceeding a time-integration:∫ t

0
C
N(t)
N(0)v̇

N = C
N(t)
N(0)v

N − v(0)−
∫ t

0
C
N(t)
N(0)

(
ωNIN

)×
vNdt (8)
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Where (.)× denotes the cross-product matrix. By integrating both sides of equation
(7), one obtains, as in [12]:

αv =

∫ t

0
C
B(0)
B(t) f

Bdt (9a)

βv = C
N(t)
N(0)v

N − vN (0) +

∫ t

0
C
N(t)
N(0)

[(
ωNIE

)×
vN − gN

]
dt (9b)

βv = C
N(0)
B(0)αv (9c)

Hence, αv and βv can be used as entries for an optimal estimation method, with the K
matrix from equation (2a) being updated at each time step tk. This is referred to as the
“Velocity Integration Formula” (VIF) in [12]. By integrating over time again, new vectors
αp and βp are obtained:

αp =

∫ t

0
αvdt =

∫ t

0

∫ τ

0
C
B(0)
B(τ)f

Bdτdt (10)

βp =

∫ t

0
βvdt =

∫ t

0
C
N(t)
N(0)v

Ndt− tvN (0) +

∫ t

0

∫ τ

0
C
N(t)
N(0)

[(
ωNIE

)×
vN − gN

]
dτdt (11)

Accumulating such vectors in the K matrix and estimating C
N(0)
B(0) is what [12] refers

to as “Position Integration Formula” (PIF).
Given that such quantities are distorted by noise, they should always span the whole

Euclidean space, thus avoiding singularities on the SVD method, yet not granting accuracy
of the solution.

If all four vectors αv, βv, αp and βp are known simultaneously, they can be used by
TRIAD method to determine a one-shot attitude estimate, which is prone to divergence
under certain circumstances, yet has shown better or slightly worse accuracy for several
instances during simulations.

If only a specific subset of vectors is accumulated on the matrix K, satisfying properties
that would avoid divergence of the TRIAD method, a reliable result may be achieved.

3 Simulations

Simulated data for a sounding rocket flight was used. The idea was to simulate the
algorithm starting either on propelled stage or close to zero gravity. Hence for the result
charts, the simulation may begin at different instants, before which no data is shown. The
simulated flight is the same shown below, spanning 100s.

The data has noise compatible with a GPS receiver and inertial sensors described on
Table 1, all at 1σ confidence level. It is noted that for both GPS velocity and position, the
noise is modeled as being zero-mean gaussian with standard deviance given on the table.

Notably there is a mismatch in the frequency of sensors and GPS. This is handled
by running the simulated algorithm at the high rate sensors’ frequency, but updating
the vectors based on GPS measurements only at cycles when a new measurement arrives,
causing a small delay due to the mismatch, whose effect is small compared to noise figures.
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Table 1: Simulated Data Specifications

Specification Value Specification Value

IMU Frequency 76Hz Accelerometer Bias Repeatability < 550µG

Angular Rate Noise 1, 2′/
√

h GPS Frequency 1Hz

Angular Rate Bias Repeatability 2◦/h GPS Position Accuracy 5m

Angular Rate Bias Instability 1◦/
√

h GPS Velocity Accuracy 0, 1m/s

Accelerometer Noise 7µG

The mission profile for the experiment consisted of a propelled flight, then a close to
zero gravity parabolic movement and a lift-sustained glide.

The relevant characteristics of the simulated profile are shown in the following figures.

0 10 20 30 40 50 60 70 80 90 100

Simulation Time (s)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

IM
U

 A
ng

ul
ar

 r
at

e 
(r

ad
/s

)

ω
x

ω
y

ω
z

(a) Measured Angular Rate in Body Frame.
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Figure 1: Attitude and angular rate.

4 Remarks on Methods

This section is devoted to point some conditions under which the proposed schemes
may fail to converge or deliver poor performance, which also helps identifying on-line if the
output of this method can be declared as converged. This is relevant since most Kalman
filter navigation systems are expected to be initialized with a valid initial state. Some
differences between the current implementation and that presented in [12] are to be noted,
mostly because the aforementioned reference assumes a 50Hz GPS and 100Hz IMU, while
this work assumes the specifications provided on Table 1.



6

0 10 20 30 40 50 60 70 80 90 100

Simulation Time (s)

-20

-10

0

10

20

30

40

50

60

70

IM
U

 A
cc

el
er

at
io

n 
(m

/s
²)

a
x

a
y

a
z

(a) Measured Linear Acceleration in Body Frame.
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(b) GPS Measured Velocity in NED Frame.

Figure 2: Acceleration and Velocity

4.1 Norm threshold

A first shortcoming of such method occurs when the INS is free-falling, since under
this condition, the measured specific force should be zero f b = 0, though it will actually
accumulate noise and sensor errors (e.g. bias). This causes αv and consequently αp to be
invalid. Additionally, small magnitude for those vectors which are produced from noisy
measurements, this implies smaller signal-to-noise ratio. It is then suggested to verify
that the used vectors have their norm above a certain threshold in order to assume they’re
usable.

Despite the previous claim, most mission envelopes involve small accelerations com-
pared with the gravity magnitude of 9, 8m/s2. Hence the norm of these vectors tends to
increase at a rate around g0 m/s for αv depending as well on attitude changes. Likewise
a norm around tg0 /2 m is expected for αp. This also causes the last computed sets of
vectors to be more relevant than the first ones, since the lack of normalization on said
vectors causes the norm to take the role of the weights ak in equation (1). These trends,
along with the computed norms for each vector in the simulated data are shown in Figure
3(a) and Figure 3(b).

4.2 Angle Between Vectors

Since the same transformation represented by C
N(0)
B(0) , transforms αv and αp into βv and

βp respectively, the angle between these pairs of vectors should be unchanged. However,
due to noise and integration errors, these angles will have a difference that may be large,
specially on the beginning of the simulation when the norms of such values tend to be
small. When using the PIF or VIF methods separately, this property cannot be checked,
one can only hope that the accumulated set of vectors spans the whole three-dimensional
space, which is mostly granted to happen due to noise. Furthermore, the angle between
such vectors may be zero, a situation that causes the TRIAD method to diverge. Even at
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Figure 3: Comparison of norms

small angles, TRIAD method’s accuracy significantly decreases. Such zero angle occurs
around 40s as seen on Figure 4(a). Also the difference between angles, shown in Figure 4(b)
can be monitored, and a set of vectors can be declared invalid if the error (in absolute
value) is above a certain threshold. Unless the attitude matrix to be estimated is the
identity, it is also necessary that such angles varies over time during the simulation, to
provide enough information for the computation.
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Figure 4: Angles between Errors.

4.3 Norm Discrepancy

As far as online estimations are concerned, it is not possible to verify that the computed
norms are accurate. However, it is possible to compute the norms for the estimates and
know that their discrepancy comes from errors in their calculations and noise from inputs.
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This error however, requires normalization, which again requires a reference, but for this
purpose the average of the norms suffices. In equation form, irrespective of the subscripts
v and p:

∆ = 2
‖α‖ − ‖β‖
‖α‖+ ‖β‖

(12)

Simulated results show that indeed a relatively large error appears between the vectors,
shown in Figure 5. If the error was related only to the norm itself (and not to the direction),
the TRIAD method (that normalizes vectors) would output the same result while the SVD
method (that weights vectors by the norm when they’re not unitary, but assumes norms
to be the same) would be slightly affected. Norm discrepancy however is an indication
that errors are still relevant within the computed vectors.
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Figure 5: Discrepancy Between Norms.

4.4 Selectivity

While the TRIAD based method is mentioned as a base check, it has less memory
than other computed vectors and is more susceptible to the aforementioned flaws. This
is solved by other methods by the accumulation of vectors (either only v or p ones) on
the K matrix. By performing the aforementioned checks, the sets of vectors used can be
selected, or filtered, before being added to the matrix K, this allows creating a modified
method that takes long before providing any output, which in turn can be considered
close to convergence, unlike the other methods for which no simple indication (other than
estimated time span) to assert online if convergence has been achieved or not. This is
shown on Section 5.

5 Performance Results

For each estimated attitude (or quaternion) Ĉ
N(t)
B(t) , the discrepancy between the real

matrix C
N(t)
B(t) from the simulated data and the estimation can be represented by the rota-

tion angle between them. In a simplified manner:
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θerr = arccos

[
0.5

(
tr

(
C
N(t)
B(t)

(
Ĉ
N(t)
B(t)

)T)
− 1

)]
(13)

Ideally, θerr should be zero if a perfect estimation was possible. Since inertial systems

require external aiding in order not to diverge, due to the calculation of C
B(0)
B(t) , there is

bound to be some discrepancy. In particular, biases of the angular rate sensor (and also
for the accelerometer) are not considered nor computed on this method, tough present on
simulation. This metric allows comparing results to see which method gave smaller errors
and after how much time. This summary is shown on Figure 6(a) and Figure 6(b).
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Figure 6: Angles between Errors.

While all methods provide performance better than 1◦ within 25 seconds, the instability
of the TRIAD method can be noted observing that contrary to other methods it still
oscillates more than half degree after 50 seconds. Nevertheless, it often provides better or
as good estimates at the beginning of the simulation.

The filtered method only decreases in error at around 61 seconds because this is the
first instance when all aforementioned criteria are met. At this instant, it receives the
same input of that is given to TRIAD method, hence it outputs the same result until
another valid set of vectors is available. Its result improves in small steps until it starts
decreasing in quality due to the natural accumulation of errors.

Additionally, if the GPS noise is removed, some interesting effect can be seen on
Figure 7, where around 40s the error for TRIAD method while the VIF and PIF methods
stop improving. This is caused by the angles between vectors, shown in Figure 4(b),
approaching zero, causing the TRIAD method to approach a mathematical exception and
making the new entries add no new information for the SVD method. The same occurs
with the presence of noise but is more visible when noise is removed. Even in this case,
the filtered method takes longer to converge, but provides reliable results when does so.
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Figure 7: Performance Error (GPS noise removed).

6 Conclusion and Further Work

An analysis of the methods proposed on [12] was carried out, and very good results
were obtained for the current simulated experiments. The proposed selectivity scheme
provided indeed an added value in terms of reliability, but for the current work it depends
on designer chosen threshold values, while in theory such tests should be made based
on error models. Methods to improve overall convergence time, specially for the filtered
model are to be investigated along with means to estimate inertial sensor biases.

Acknowledgments

The authors express their acknowledgment for the support received from the National
Institute for Space Research - INPE, at São José dos Campos, Brazil.
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