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Ionospheric Electron Content and Variations 
Measured by Doppler Shifts in Satellite Transmissions 

FERNANDO DE MENDONqA 

Radioscience Laboratory, Stanford University, Stanford, California 

Abstract. A method is derived for calculating ionospheric electron content by comparison 
of the Doppler shifts imparted to two harmonically related frequencies transmitted from a 
satellite. This Doppler method is applied in the analysis of many passages of the satellite 
Transit 2-A (1960w) during the months of July through October 1960. The observations were 
made at Stanford, California, on the frequencies of 54 Mc/s and its sixth harmonic. Differences 
in the electron content of 25 per cent between two subionospheric points separated by as little 
as 1000 km were observed on several passages during magnetically quiet days. On some mag- 
netically disturbed days these differences increased to over 50 per cent for the same separation. 
A very strong magnetic storm is shown to decrease the early-afternoon electron content to al- 
mos• a normal nighttime value over the range of latitudes surveyed. Other less intense storms 
are observed to decrease the electron content to the north and to increase it to the south of the 
observer. The day-to-day variations of electron content at a given latitude on magnetically 
quiet days are observed to be about +--15 per cent from the mean; however, less frequently, 
variations as large as +-50 per cent were observed. Unlike the variations on the magnetically 
disturbed days, these variations did not seem to modify the horizontal gradients normally 
found. 

INTRODUCTION 

One of the most straightforward and power- 
ful methods of studying the ionosphere is by 
means of measurement of the total electron con- 

tent or the columnar density. For these mea- 
surements,. satellite transmissions are at present 
one of the best sources of data. Basically two 
types of measurements can be made with satel- 
lite signals for the purpose of determining elec- 
tron content, namely, Faraday and Doppler 
techniques. 

Garriot• [1960], using the Faraday effect in 
two different approaches (polarization-rotation- 
angle and polarization-rotation-rate measure- 
ments), analyzed several months of data ob- 
tained by recording the 20 and 40 Mc/s signals 
radiated from the satellite 19583.. (Sputnik 3). 
Yeh and Swenson [1961], using signals from the 
same satellite, also developed a procedure for 
correcting the effect of refraction and the highN 
frequency approximation when Faraday rota- 
tion rate measurements are used. 

• This paper was presented at the joint meet- 
ing of the International Scientific Radio Union 
(URSI) and of the Institute of Radio Engineers 
held October 24, 1961, at the University of Texas, 
Austin, Texas. 

Doppler techniques have been used in the 
study of the ionosphere either with transmis- 
sions from rockets [Nisbet and Bowhill, 1960; 
Seddon, 1953] or from satellites [WeeIces, 1958; 
Hibberd and Thomas, 1959; Aitchinson and 
WeeIces, 1959; Ross, 1960; Garriott and Nichol, 
1961]. In this paper, we are concerned with the 
method in which CW signals are propagated be- 
tween a moving transmitter and an observer at 
two harmonically related frequencies. Because of 
ionospheric dispersion, the lower frequency has 
a much larger change in phase than the higher 
frequency. Thus, when satellite signals are prop- 
erly detected in phase-locked systems, we can 
measure the time rate of change of the relative 
phases and obtain information about the iono- 
spheric electron content and its spatial varia- 
tions. 

For satellites in circular orbits, we obtain 
measurements that can be processed to give us 
the equivalent columnar electron density; for 
those in elliptical orbits, the presence of a verti- 
cal component of velocity will add information 
about the electron density at the satellite. We 
must be aware that the columnar electron den- 

sity is measured along an oblique line from the 
observer to the satellite and is transformed to 

an equivalent columnar density by means of a 
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Fig. 1. Differential Doppler (•/X) for an afternoon passage of satellite Transit 2-A with proxi- 
mal point PP 30 sec earlier than the point of closest approach PCA. h,(0) = 730 kin;/•,(tc) = 
- 223 m/sec. 

geometrical factor. For the sake of simplicity, 
we shall call it columnar density. Initially, we 
will use all the quantities involved as functions 
of time, transforming them later into functions 
oœ position by means of the satellite's ephem- 
erides. The origin of our relative time will be 
the time at which the satellite reaches the geo- 
metrical point of closest approach (PCA), that 
is, the point at which the first derivative of the 
range R with respect to time is zero. Another 
point of interest for every passage is the point 
at which the difference between range and phase 
path between observer and satellite reaches a 
minimum. It is called the proximal point (PP) 
and is characterized by the fact that then the 
first derivative of the phase path defect (AP) 
with respect to time is zero. Normally, because 
of the presence of vertical velocities, horizontal 
gradients, tilts, and other irregularities in the 
electron distribution, these two points, PCA and 
PP, do not coincide. It is essential that they be 
accurately determined, because their separation 
greatly influences the resultant measurement. 

The method of analysis in this paper has been 
derived primarily to use data from satellites oœ 
the Transit series, which transmit a pair of 

harmonically related frequencies, 54 and 324 
Mc/s. These satellites have been planned for 
navigational purposes, but they have also been 
found most useful for the deduction oœ iono- 

spheric information. With trivial modifications 
the process can be used with other frequencies. 

If we assume that, at the level of the F re- 
gion, the collisional frequency is negligible and 
the gyrofrequency • and plasma frequency •o 
are much smaller than the fundamental fre- 

quency • of the harmonically related pair, then 
we may write the refractive index of the medium 
as 

•z • I -- (K1/2f2)N (1) 
where N is the electron density and K• is a con- 
stant (80.6 mks units). 

Later we shall discuss the errors introduced 
by the assumptions above. 

TI-IEORY 

To find an exact solution for the propagation 
problem in the satellite-observer medium is a 
task of considerable difficulty. It is imperative 
to make adequate approximations to allow cal- 
culation of the electron content from the I)op- 
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pier measurements. Having outlined our assump- 
tions about frequencies used and restricting 
ourselves to observations where the zenith angle 
X• is smaller than 60 ø, we can disregard the in- 
fluence of large refractive effects, as will be 
shown later, and write the following expression 
for the range R between the observer and the 
satellite: 

=fo (2) 
Without any approximation, the phase path P 
is given by 

fo P = /a ds (3) 

Their difference in length is called phase path 
defect [Garriott and Bracewell, 1961]: 

$ 

Ap = R-- P = fo (1- •)ds 
and using (1) we write 

(4) 

AP = • N ds (5) 
If we now consider the nth harmonic as the 

higher frequency that will also be received, we 
can write the difference 

8 = (Ap-- Apn) 

1 _ 1 

or 

Then 

I K• fos ••- N ds •6) 

•- In2-- 1] KlfoS n2 • N ds (7) 

Ap = n2/(n •-- 1) $ (8) 

In the acquisition of data using phase-locked 
receivers, we actually measure the beat between 
the fundamental frequency f and the frequency 
(]./n) after they have been subjected to the 
dispersive effects of the ionosphere. This beat, 
displayed in Figure 1, from a particular satellite 
passage is called differential Doppler and is equal 
to the time rate of change of the quantity 3, 
shown in (7), divided by the free-space wave- 
length ;• of the fundamental signal. Differen- 

flaring (8) with respect to time we obtain 

n 2 

where the quantity (AP/X), called Doppler shift 
offset [Garriott and Bracewell, 1961], is the differ- 
ence between the Dopper shift observed and the 
Doppler shift that would have been observed in 
the absence of the ionosphere. Figure 2 displays 
the Doppler shift offset and the Doppler shift 
curves as functions of time for a passage of the 
satellite Transit 2-A. 

If the satellite is above most of the ionization, 
the principal contribution to P will occur near 
the height (h,•x) of the maximum electron 
density, and since the geometrical factor sec X 
(Fig. 3) is a slowly varying function, we can 
write, from (4), 

K• fo •' AP = • Nseexdh 

K• fo •' • • sec x• 
or 

N dh (10a) 

K1 

Ap • • sec X•I (10b) 
Th quantity 

f0 h• I = N dh 

is called the columnar density and is equivalent 
to the total number of electrons in a column of 
unit base, extending from the ground to the 
height of the satellite, h,. 

Differentiating (10b) with respect to time and 
dividing the result by the free-space wavelength 
of the fundamental frequencY, we obtain a 
differential equation relating to Doppler shift 
offset AP/X given by (9) with the columnar 
density I' 

or 

sec X.,• 1 (11) 

sec x- (cos x2 I 

= 2fXK-' cos -) (12) 
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weakß Doppler shift of the 324-Mc/s channel is also shown. 

or 

i-!-- f,(t)I = f•,(O (13) 
The problem is now reduced to solving the 

first-order and linear differential equation 13 

for I(t) where the functions •(t) and /2(t) are 
known functions of time. For this we need one 

boundary, namely the value of I at any time t, 
but our observational data do not provide us 
with this quantity directly. This boundary can 
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Fig. 3. Geometry of the problem for calculation 
of x•(h,, h•, v, t). 

be found from a combination of the Doppler 
data and the Faraday rotation-angle information 
[de Mendonõa and Garriott, 1962a], but for the 
moment we will use another approach. From (10), 

wher• F(0 = • K• -• cos X• is a known factor. 
We can integrate •he Doppler shif• offse• 
measummen• and obtain 

• APo + AP, (15) 

The operation of integration is equivalent to a 
low-pass filtering process; thus, even though the 
differential Doppler might be quite irregular, 
the resulting curve obtained for AP• is usually 
smooth, as shown by the curve in Figure 4. 
We can rewrite (14) as 

and we are justified in expecting I(t) to be a 
relatively smooth curve. Note that AP• as 
defined by (15) can be obtained also by merely 
counting the cycles of the differential Doppler 
beat and multiplying the results by n•(n • -- 1)-•. 

From the geometry of the system, we know 
that there is a time t = t• such that 

(a/aO(o x.)] = 0 7) 

Then, from (12) and the above considerations, 
we may assume to a good approximation that, 

in the neighborhood of to, we have an average 
value for the slope of I(t) given by 

= 2f'XK ' (18) 

where (A/5/X),_,o is a smoothed value of the 
Doppler shift offset at time to, which can be 
obtained as shown in the curve of Figure 2. 
Also, using (11) and (16) for an interval centered 
at to, we can define the function A (t) as the first 
approximation to the Doppler shift offset: 

ß (see + K see 1 (19) 

x(0 ,. 

APo •- AP• d 

- x x(t) (cos (20) 
All the quantities involved in A(t) are known 
with the exception of AP0. Since the Doppler 
shift offset AP/x is measured at the discrete 
times t• = (t -- trcA) = 0, 4-1, 4-2, ..., 4-250 
sec, we can write 

So - • [A, -- (AP,/X)] a (21) 
i 

and minimize Sc by varying the value of APo. 
The value of APo that minimizes the sum indi- 
cated by (21) establishes the necessary boundary 
condition to the differential equation 13. 

This minimization can be done in a digital 
computer. The initial objective is to determine 
the constant of integration AP0 = Co and a 
posterJori use it in (16) for determining I(t). 
As a starting point we need a first estimate of 
Co. This estimation can be included in the 
computer program if we reason as follows. The 
electron content I(t), given by (16), is the 
product of two functions of time: one, cos 
X.,(t), has maximum at t = t• and is concave 
downward; the other, Ap, has a minimum at 
t = /pp and is concave upward. Thus, I(0 will 
tend to be concave upward or downward, de- 
pending on whether 6'0 is under or overesti- 
mated. This reasoning leads us to assume that, 
if Co is properly estimated, the resultant I(t) 
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within a reasonable interval would be linear 

with time; that is, it would be of the form 

•(t) • •t + • (22) 
or 

I(t) •-' F,(APi -]- Co) -- FoCo t+ FoCo (23) 
ti 

where F• = F(t) = 2f2K• -• cos Xm. The slope of 
I(t) given above can be represented by the 
value of K already defined by (18); 

K = [F,(AP, n t- Co) -- FoCo]/t, (24) 
or 

Co = (•t, - •, a•,,)/(•', - •'o) 

Instead of obtaining Co from only one point of 
(25), we can use several points and establish an 
average C, defined as 

1 
C-- 

[m] + lnl + 1 

• K ti -- Fi • •m F• -- Fo • APo (26) 
The value of C, given by this equation, is our 
first estimation of AP0 and is to be used as an 

initial step in the minimization of the sum of 
squares defined by (21). 

Once the final value of AP0 is obtained by 
means of a polynomial best-fit approximation, 
(16) is used to provide the output I(t) in listing 
and cards, which were used on an X-Y plotter, 
resulting in graphs, like the one shown in 
Figure 5. 

Note that the assumption of smoothness of 
I(t) for considerable intervals of time is satisfied 
for this passage. 

DISCUSSION OF TIlE APPROXIMATIONS 

High-•requency approximation. The complete 
Appleton-Hartree equation for the refractive 
index of a medium containing free electrons, 
with a superimposed steady magnetic field, is 
given in the usual notation [Ratcliffe, 1959] by 

2 

n = (• - ic•/•) • 

= 1-- X/1--iZ 

-- (1/2) [YT•'/(1 -- X -- iZ)] 

•= x/I« rd'/(• - x - •z)] • + r•} -• 
(2•) 

In the most unfavorable cases of the experiment, 
we are considering the following values of X, Y, 
and Z at F-layer heights and at a wave frequency 
of 54 Mc/s: 

Xo '-(]oF•/]) •' < 0.07 (28) 

Y = 1•/] • 0.02 (29) 

Z = •,/a• < 10 -• (30) 
Thus, the quasi-longitudinal approximation con- 
dition [Ratcliffe, 1959] given by the inequality 

r,."•> Y•.*/4 I• - x - iz]" (3.l) 
reduces to 

or 

cos 0 ) « Y sin 2 0 (32) 

0 < 89 ø (33) 

The magnetic-dip angle at Stanford is approxi- 
mately 62 ø , and it may be shown that the 
inequality 33 is satisfied for zenith angles up to 
75 ø in any azimuth from Stanford. On the basis 
of these considerations we can rewrite (27) to a 
very good approximation' 

•2 • I -- K•N/](• • ]i• cos 0) (34) 
2 

• • 1 -- K•N(1 q:: 0.02 cos 0)/I 2 

• I -- (K•N/f) (35) 

The error in •a•, using (35) instead of (27), is 
much less than 1 per cent. As was mentioned 
before, in the most unfavorable circumstances 
of the experiment, the value of X0 = 
was smaller than 0.07, and in the majority of 
cases it was smaller than 0.04. Thus, the binomi- 
nal expression for y, which is 

•, • • - («)(•v/f) - (l)(•v/f') •' 

- (5)(•:•v/f) • .... (36) 

can be represented to a good approximation by 
(1), namely, 

• • 1 - K•N/2f (37) 

Re]raction approximation. In deriving (5) it 
was implicitly assumed that refraction eftecrus 
could be neglected. It can be shown that, in the 
case of a fiat ionosphere approximation, we have 

D ---- R-- ds 

_• (R/32)x • tan"Xo • 1/I • (38) 
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Fig. 5. Calculated electron content I(t) and measured differential Doppler frequency as a 
function of time (t• in seconds) for a northbound passage of the satellite Transit 2-A with PCA 
at 05h 44m 38s LMT, ho -- 1053 km, •o -- -22 m/sec, on July 29, 1960. 
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Fig. 6. Diagram of system used for measurement of Doppler shift and differential Doppler in 
transmissions of satellite 1960,h. 

Thus, at the frequencies used, the 'straight-line 
approximation,' which is equivalent to D - 0, 
contributes an error of less than i per cent in 
the evaluation of the phase path defect AP when 
the zenith angle is 60 ø . For zenith angles smaller 
than 40 ø the error introduced by this approxi- 
mation is practically zero. Since the value of R 
cannot be greater than 

the error is toward an overestimation of the 

columnar density 

I = N dh 

for very large •,enith angle X. This situation was 
taken into consideration in the analysis of the 
data by limiting the time of the observation to 
a maximum of 300 sec from the point of closest 
approach of the satellite and primarily using 
passages with X•i, smaller than 45 ø. 

It will be seen in the final results that, in the 
plots representing I(O, there is no consistent 
tendency toward higher values of columnar 
density at the beginnings and ends of the curves. 

Magnetic-field effects. Under the conditions 
of the experiment--an observer in the northern 
hemisphere receiving a left-hand, elliptically 
polarized wave with an antenna of the same 

polarization--the differential Doppler measure- 
ment will result in the measurement of the 

phase path defect of the ordinary mode as shown 
by de Mendonna and Garriott [1962b]. 

Combining (4) and (34), we can write the 
phase path defects of the ordinary and extra- 
ordinary waves: 

8 

then 

• AP(1 =F Y cos O) (39) 

_< _< (40) 

where Ap would be the phase path defect in the 
absence of the magnetic field of the earth. 
Equation 39 implies that, in the present prob- 
lem, without corrections, the calculated value of 
I(t) derived from differential Doppler measure- 
ments will be underestimated by a factor of the 
order of the anisotropy in (1 -- t•), that is, less 
than 2 per cent. 

The errors introduced by the refraction ap- 
proximation and by the presence of the magnetic 
field of the earth are of the same magnitude but 
with opposite signs. That is, the former is 
toward an overestimation, the latter, an under- 
estimation, of the value of I(t). As a conse- 
quence, it has been decided to present the 
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TABLE 1. Northbound Passages of the Satellite 1960•1 during Sunrise Hours 

For this group of passages the apogee was very close to PCA, thus, tc = t• = to. 

Date, 
1960 

Revolution /•8(0), hs(O), Xmin, to PCA, LMT, tc- to, 
Number m/sec km deg 120øW sec 

t•, -- to, 
se(• 

July 23 
July 24 
July 25 
July 26 
July 27 
July 28 
July 29 
July 30 
July 31 
Aug. 1 
Aug. 2 
Aug. 3 
Aug. 4 
Aug. 5 
Aug. 6 
Aug. 7 
Aug. 8 

0445 --10 1064 19 07h 25m32s 
0459 -12 1064 21 07 08 44 
0473 -16 1064 24 06 51 55 
0487 -18 1064 27 06 35 06 
0501 -20 1063 29 06 18 17 
0515 -21 1063 31 06 01 32 
0529 -22 1063 33 05 44 38 
0543 -23 1062 36 05 27 52 
0557 -25 1062 38 05 11 03 
0571 -27 1062 40 04 54 16 
0585 -29 1061 42 04 37 26 
0599 -32 1061 44 04 20 37 
0613 -34 1061 46 04 03 48 
0627 -38 1060 48 03 46 57 
0641 -39 1060 49 03 30 04 
0655 -40 1060 51 03 13 19 
0669 --42 1059 52 02 56 34 

o 

o 

TABLE 2. Northbound Passages of the Satellite 1960v• during the 
Afternoon and Sunset Hours 

Note that the apogee is not too far from PCA and that the satellite is above most of the ionosphere. 

Date, Revolution /;8(0), hs(0), Xmin, to PCA, LMT, t• - to, t•, - to, 
1960 Number m/sec km deg 120 øW sec sec 

Sep. 6 1090 -128 1020 43 20h 15m08s 
Sep. 7 1104 -129 1019 45 19 58 14 
Sep. 8 1118 -129 1018 47 19 41 21 
Sep. 9 1132 -130 1017 50 19 24 29 
Sep. 14 1203 -163 984 43 19 44 27 
Sep. 15 1217 -160 982 41 19 27 30 
Sep. 17 1245 -164 981 37 18 53 43 
Sep. 18 1259 -164 978 35 18 36 49 
Sep. 19 1273 -165 977 32 18 ]9 53 
Sep. 20 1287 -171 975 29 18 02 58 
Sep. 21 1301 -173 975 27 17 46 02 
Sep. 26 1371 -175 967 11 16 21 32 
Sep. 27 1385 -175 966 7 16 04 36 
Sep. 28 1399 -176 964 3 15 47 44 
Oct. 2 1455 -181 960 10 14 40 05 
Oct. 3 1469 -183 959 14 14 23 11 
Oat. 4 1483 -185 957 17 14 06 20 
Oat. 5 1497 -187 953 21 13 49 23 
Oct. 6 1501 --189 951 24 13 32 33 
Oct. 7 1515 -189 950 27 13 15 38 
Oct. 10 1557 -189 943 35 12 24 57 
Oct. 11 1571 -189 943 38 12 08 00 
Oct. 13 1599 -192 941 43 11 34 11 

-55 

-58 
-6 2 
-6 4 

-70 
-70 
-7.0 
-6 5 
-6 0 
-5 4 
-50 
-4 2 

-4 1 

-4 0 

-50 
-5 0 
--50 
--5 5 
-6 0 

-6 5 
--70 
-8 0 
-9 0 

--29 

-32 

-34 

-34 

-3 7 
-3 8 
-4 0 
-4 1 

-4 2 

-4 2 
-4 1 

-4 0 
-4.0 
-4.0 

-4.1 
-4.1 
-4.1 

-4.2 
-4.5 
-5.0 
-5.1 
-5.1 
-5.1 
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TABLE 3. Southbound Passages of the Satellite 1960n, 

2325 

Date, 
1960 

Revolution /•(0), h.(O), Xmin, to PCA, LMT, tc- to, 
Number m/see km deg 120 øW see 

t• -- to, 
sec 

Aug. 1 
Aug. 2 
Aug. 3 
Aug. 4 
Aug. 6 
Aug. 7 
Aug. 8 
Aug. 9 
Aug. 10 
Aug. 11 
Aug. 12 
Aug. 13 
Aug. 14 
Aug. 15 
Aug. 16 
Aug. 19 
Aug. 21 
Aug. 23 
Aug. 25 
Aug. 26 
Aug. 27 
Aug. 28 
Aug. 29 
Aug. 30 
Sep. 14 
Sep. 15 
Sep. 16 
Sep. 19 

0577 -222 743 48 15h 34m17s -8.3 
0591 -222 741 46 15 17 28 -7.6 
0605 --222 741 43 15 00 36 -6.3 
0619 -222 739 41 14 43 46 -5.6 
0647 -222 737 35 14 10 05 -5.1 
0661 -223 734 32 13 53 16 -4.9 
0675 -223 731 28 13 36 26 -4.7 
0689 -223 730 24 13 19 36 -4.4 
0703 -223 729 20 13 02 45 -4.2 
0717 -220 728 16 12 45 51 -4.1 
0731 -217 727 12 12 29 02 -3.9 
0745 -215 726 7 12 12 12 -3.9 
0759 -213 724 3 11 55 21 -3.9 
0773 -211 723 2 11 38 29 -3.9 
0787 -210 722 7 11 21 36 -3.9 
0829 -207 716 19 10 31 06 -4.2 
0857 -205 712 26 09 57 26 -4.7 
0885 -203 710 32 09 23 29 -4.9 
0913 -202 709 38 08 49 41 -5.4 
0927 -200 707 41 08 32 50 -5.8 
0941 -198 706 43 08 15 58 -5.9 
0955 -196 705 46 07 59 02 -6.6 
0969 -194 704 48 07 42 09 -7.0 
0983 -192 703 50 07 25 15 -7.0 
1194 -150 660 30 04 56 04 -2.7 
1208 -149 660 27 04 39 11 -2.4 
1222 -148 660 22 04 22 16 -2.2 
1264 -146 658 9 03 31 32 -2.0 

--3.3 
--3.3 
--3.3 
--3.3 
--3.4 
--3.5 
--3.6 
--3.6 
--3.7 
--3.8 
--3.8 
--3.9 
--3.9 
--3.9 
--3.9 
--3.7 
--3.6 
--3.5 
--3.4 
--3.3 
--3.2 
--3.1 
--3.1 
--3.0 
--1.7 
--1.8 
--1.8 
--2.0 

calculations of I(t) without a variable correction 
for this combination of errors. 

EXPERIMENTAL PROCEDURE 

Differential Doppler measurements were made 
using about 70 passages of the satellite 19607, 
with the system schematically shown in Figure 6. 
The outputs of this system have already been 
displayed in Figures 1 and 2. 

The sampling for the differential Doppler 
measurement was done (using paper-tape record- 
ings) by measuring the beat frequency (•/k) at 
every second of the passage of the satellite. 
Near the proximal point (PP), or whenever the 
beat frequency was less than 1• cps, the sampling 
interval had to be lengthened to correspond to 
half a cycle of the beat. The precision in mea- 
suring time intervals was of the order of 20 msec. 
For intervals in which the phase-lock receiver 
showed periods of 'unlocked signal,' we made 
interpolations. The purpose of the interpolations 
in •/k was to simplify the computer program for 
the computation of fN dh. Later, the inter- 

polated points were removed before the results 
reached the plotting machine, so that the plots 
would show only the actually measured values 
of Doppler shift offset. 

Data of the satellite passages under con- 
sideration in this paper, with some of the orbital 
parameters, are presented in Tables 1, 2, and 3. 
In these tables, the first five columns were 
obtained from the ephemerides for the satellite. 
The last three columns were obtained by com- 
bining elements of the ephemerides with the 
measured values of Doppler shift --/•/k, with 
consideration of the reasoning that follows. 

In the vicinity of t = to, it is permissible to 
use the fiat-earth approximation for the range R: 

R ..• h. sec X (41) 

Differentiating (41) with respect to time we 
obtain 

/•(t) • h•(t)see x q- h•(t)(d/dt)(sec X) (42) 

Then, since at t = tc the value of X is a minimum, 
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and 

[(d/dO seo X],.,. = 0 (43) 
we can write 

/•(t•) •-• h,(t•)sec Xmin (44) 

From the ephemerides, and the Doppler shift 
measurements, it can be seen that in the interval 
[t•[ • 20 sec the values of }• and l• are almost 
constant. 

Then 

and 

to) 

where t•. is the time at which the plane of the 
orbit and the vertical plane (through observer, 
satellite, and center of the earth) are at right 
angles. Note that the position of this transverse 
time t• can be determined by the base of the 
perpendicular from the observer to the sub- 
satellite track. Since, at the PCA, t• = 0 and 
/•(t0) = 0, (44), (45), and (46) can be combined 
to give a simplified expression for the Doppler 
shift at time to' 

--t•(tc)/X • -[h,(to)/X] sec Xmin (47) 
Since the second member of (47) is a known 
quantity, we can easily determine the value of t• 
from the measured Doppler shift curve. Similarly, 
with the same considerations described above, 
we can also determine the value of t• from the 
approximate expression' 

COS Xmin (48) 

For the satellite passages considered in this 
paper, the vertical velocity h,(t) was never 
positive. Then, when not in coincidence, the 
three points above would take place in the 
order t•, t•., and to respectively. 

The output of the system, shown in Figure 6, 
and the necessary orbital elements were used 
as the input for the calculations of the columnar 
electron density fN dh. These calculations were 
performed with a Burroughs 220 digital computer 
at the Stanford Computational Center. 

The input, described here as Doppler shift 
offset, obtained from differential Doppler through 
(9), and the output •N dh were plotted by 
machine as shown in Figure 5. 

Note that, even though the absolute value of 

I(t) might be in error by a few per cent as a 
result of errors in the computation of APo, the 
relative values of I(t), within a given curve, are 
very accurate and may be represented with four 
digits as shown on the plot of I(t). 

ANALYSIS AND t•ESULTS 

Horizontal gradients in I (t) during magnetically 
quiet days. The intersection of the ray with a 
shell at the height hma• of the maximum electron 
density is called the ionospheric point, and the 
projection of this point on the ground is the 
subionospheric point. When I(t) is combined with 
the information about the position of the 
satellit'e, as a function of time, obtained from 
the ephemerides, we can determine the electron 
content as a function of the local time (LT) and 
latitude of the subionospheric point. This was 
done for the passages listed in Tables 1, 2, and 3, 
occurring on nondisturbed days. Lines of con- 
stant values of fN dh were smoothed through 
the points thus obtained, and the resultant 
curves are presented in Figures 7 and 8. 

Sunrise lines at sea level and at the height of 
400 km are shown by curves A and B in Figure 7. 
Similarly, the sunset lines are indicated in 
Figure 8. It should be noted that for the region 
under consideration the horizontal gradients of 
the electron distribution are essentially along 
the meridians during the early afternoon, be- 
coming east-west at sunrise and sunset. The 
south-north gradient results in a decrease of 
about 25 per cent in •N dh for two subiono- 
spheric points separated by a distance of 1000 
km; the west-east value at the latitude 35øN at 
sunset (close to equinox) was observed to cause 
about the same decrease in fN dh for the same 
distance of 1000 kin. It must be remembered 

that we are considering a region with geographic 
latitudes in the range of approximately 30øN to 
45øN (or geomagnetic 37øN to 51øN). It is not 
implied that horizontal gradients with such 
magnitudes can exist at all latitudes. 

In general the value of I(t) may vary as a 
result of horizontal gradients and variations in 
the height h, of the satellite; however, for all the 
passages considered in this paper, the satellite 
was above 650 km with Ih, I • 230 m/s; thus, 
the effect of the variation in h, on I(t) was very 
small. The southbound passages observed dis- 
played an increase in I(t) as in Figure 9 even 
though the satellite had a decreasing height. 
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Fig. 8. Smoothed curves of constant f N dh derived from measurements on quiet days during 
September and October 1960 (Table 2). Curve A represents sunset at sea level and curve B sunset 
at height h - 400 km for September 12, 1960. 

Note, also, that in comparing the results 
shown in Figures 7 and 8 there is a difference in 
the values of •N dh for the same latitudes 
between 1200 and 1600 (local time). This 
difference is probably caused by a seasonal 
effect that can best be seen in Figure 10, where 
$N dh is plotted as a function of local time of 
the subionospheric point and has the latitude 
as a parameter. 

Magnetic storm effects on I(t). Unfortunately, 
the period of observations did not extend long 
enough to permit making a more detailed or 
statistical study of the effects of magnetic 
storms on the total electron content. However, 
the two storms of August 16 and October 6, 
1960, were observed. The latter was particularly 
strong and reached values of •K•- 63 out 
of a maximum of •K• = 72 for a period of 
24 hours. 

Since for the dates considered the satellite 

passages were around midday, the horizontal 
gradients involved were essentially in the north- 
south direction. The August storm caused a 
considerable increase in the horizontal gradients 
of the distribution, as can be seen in Figure 11, 
which also shows that the disturbance resulted 

in an increased I(t) as compared with the 
average quiet-day value (positive disturbance) 
for geographic latitudes smaller than 39øN. 
Figure 12 shows the observed effects for the 

stronger storm (October) which was primarily a 
negative disturbance along the range of latitudes 
surveyed. The day with the intermediate value 
of A• - 36 produced the largest horizontal 
gradients, causing a decrease of about 50 per 
cent in •N dh for a latitudinal variation of the 
subionospheric point of approximately 7 ø. 

Note that on the date when the magnetic 
index was a maximum, A• -- 206 on October 6, 
1960, and the early afternoon values of •N dh 
reached an over-all minima of the order of 

values encountered during normal nights. 
Combining the value of I(t) at the point of 

closest approach, that is I(0), and the critical 
frequency )'0F2 obtained about the same time at 
Stanford, we can establish the equivalent column 
height I(O)/Nm=. This quantity was calculated 
for all the passages of the satellite for which a 
corresponding Stanford ionogram had been 
obtained, and the results are plotted in Figure 
13, where I(O)/Nm= appears versus the geo- 
magnetic index A•. The general tendency is 
toward higher equivalent column heights for 
increasing values of A• beyond a threshold of 
A• •, 30. This tendency was particularly 
noticeable during the two storms mentioned 
above and implies that the decrease in N•. is 
accompanied by an increase in the layer thick- 
ness. 

These results seem to be consistent with those 
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Fig. 9. Electron content and Doppler shift offset as a function of time (t• in seconds) for a 
southbound passage of the satellite Transit 2-A with PCA at 13h 02m 45s (LMT) and/i, -- --223 
m/sec on August 10, 1960. 
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Approximate geographical latitud• of the subionospheric point 
N 41 ø 40 ø •9 o 

/Reve•l 
Ap-I• 

Satellite 1960 % 
Southbound pas•ges ' 
hs = 700 km 
ß Proximal •int 

. Rev 

II 

/' / 
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5.50 

5.00 

4.50 

N E 
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5.50 
.•z 
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2.50 

2.00 
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Approximate varietion of Local time (LT) of the subionospheric point 

Fig. 11. Effects of the magnetic storm of August 16, 1960, on the electron content • N dh 
measured in southbound passages of the satellite 1960v•. Observe the substantial increas• in the 
north-south horizontal gradient caused by a 'positive disturbance' for the lower latitudes. The 
broken line represents the average I(t) around noon for days with A• ( 25 in August 1960. 

obtained by Garriott [1960], Yeh and Swenson 
[1961], and Ross [1960] by means of observations 
of satellite transmissions, and by Taylor [1961] 
by means of differential Faraday fadings of 
lunar radio echoes, if we take into consideration 
their geomagnetic latitude of observation. These 
results also seem to support the observational 
results of Maeda and Sato [1959] concerning the 
behavior of •0F• during magnetic storms. 

Variation o• I(t) through the day-night transi- 
tion in quiet days. Although the average varia- 
tion of fN dh in quiet days has been presented 
in the previous section (Figs. 7, 8, and 10), it is 
interesting to examine some of tk, c passages that 
had their ray paths through the night-day 
transition. Consider, for instance, the north- 

bound passages through sunset in September. 
Part of a plot of I(t) chosen as typical of this 
group is reproduced with some added details in 
Figure 14. The infiexion at the point P• of this 
figure is caused by a combination of factors, 
among which the most preponderant is that the 
height of the intersection L of the ray path with 
the surface of the day-night transition first 
increased, then decreased, and finally increased 
again during the course of a satellite passage. 
This unusual situation results from the particular 
orbit of the satellite and the season when the 

observations were made. Figure 15 is a pictorial 
view of the geometry of this situation. Figure 16 
depicts the projection of the ray on the earth 
for the instant of time corresponding to the 
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Fig. 12. Effects of the magnetic storm of October 6, 1960, on the electron content f N dh 
measured in northbound passages of the satellite 1960•,. Observe the increase in north-south 
horizontal gradient and also the greater depression of f N dh for higher magnetic activity (A•). 

point P, for several passages during sunset. 
This sequence of passages shows a progressive 
situation; that is, from the passage when most 
of the ionosphere is in darkness (curve A) to 
that when most of the ionosphere is exposed to 
sunlight (curve F). 

Day-to-day variation o[ I(t). It was observed 
that most of the day-to-day variations of the 

total electron content I(t) at a given hour, in 
magnetically quiet periods, were about 15 per 
cent from the mean. However, it was also 
observed that there were less-frequent mag- 
netically quiet days in which I(t) varied as 
much as -4-50 per cent from the average. These 
days, unlike the magnetically disturbed, showed 
neither unusual variations of the equivalent 
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Fig. 14. Typical variation of I(t) when part of 
the ray path is in the sunlight. The curve D of 
Figure 16 depicts the subposition of the ray at 
t• -- --180 sec. 

Fig. 15. Pictorial view of the intersection of the 
ray with the surface of the sunset transition at 
different times. 

height I(O)/N,•,: nor greater slopes of I(0. This 
can be seen in the examples of Figure 17 for 
abnormally high I(t). For abnormal decrease of 
I(t) the situation seemed to last longer than a 
day. 

These day-to-day variations have been ob- 
served by other workers. Ross [1960] reported 
variations that may be as large as -4-20 per cent 
from the mean and remarked upon the fidelity 
with which they were reproduced in the lower- 
ionosphere data. Yeh and Swenson [1961] also 
reported large depressions of electron content 
during relatively quiet days. The causes of these 
variations are yet unknown. 

Short-time variations o! I(t). Considering 
again the plots of I(t), it could be shown that, 
if we were to compute an average $(t) and form 
the differences [I(t) -- •(t)], the small irregu- 
larities in electron content would become more 

evident [Little and Lawrence, 1960]. The presence 
of these irregularities can be readily detected 
from the curves of the Doppler shift offset 
(A/)/k) which were concurrently plotted with 
I(t) for every second of the satellite passage as 
shown in Figures 5, 9, and 18. Irregular varia- 
tions in the Doppler shift offset imply irregular 
variations of the phase path length P which can 
only be caused by nonuniform electron distribu- 
tion. The heights of these irregularities cannot 
be determined from the present data because 
the satellite passages were always above 650 
kin; the shapes of these irregularities are also 
undetermined. Nevertheless, we can derive 
certain conclusions from the mentioned plots 
considering that the subionospheric point moved 
horizontally at an average of 3 kin/sec. Since 
measurements were made arbitrarily at every 
second of a passage, the lower limit of our scale 
is 3 kin. Small-scale irregularities of these 
dimensions are present in every recorded passage, 
either alone or within the larger irregularities. 
The smaller irregularities are more conspicuous 
after the sunrise than they are the rest of the 
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Fig. 17. Abnormally high I(t) on magnetically quiet days. Note that the slope of I(t) does 
not suffer major modifications. 

day. Their presence does not imply the appear- 
ance of signal-amplitude fluctuations known as 
scintillation. There seems to be a tendency for 
the appearance of more irregularities for that 
part of the passage closer to the magnetic 
zenith (see, for instance, Fig. 9 at t• • 100 sec 
and Fig. 18 at ti •,• --100 sec). This fact does 
not imply that these clouds of electrons are 
localized only at the mentioned region, but 
simply indicates that they are aligned with the 
magnetic field lines. 

CONCLUSIONS 

The method developed in this paper for 
solving the differential equation 13 provides an 
accurate and relatively fast way of computing 
the total electron content I(t). 

Some of the results confirm and amplify the 
work done by other workers, but topics hitherto 
unreported include the marked increase of the 
north-south horizontal gradient of the electron 

content during magnetic storms, the increase of 
fN dh for lower latitudes during magnetic 
storms, and the day-to-day constancy of the 
gradient of I(t) in magnetically quiet days. The 
measurements of horizontal gradients also show 
that the common assumption of small horizontal 
gradients at times not close to sunrise or sunset 
does not seem to hold in the majority of the 
days, at least in the range of geomagnetic lati- 
tudes of 35øN to 50øN. 

Steps are being taken to apply the method to 
data acquired in other satellite stations and thus 
increase the latitudinal range of observations 
with the purpose of studying the magnetic storm 
effects in the behavior of the ionosphere. 

A cl•nowledgments. I am indebted to Dr. O.K. 
Garriott for guidance and many discussions, to 
Professor O. G. Villard, Jr., for a critical reading 
of the manuscript and helpful suggestions, and I 
also wis'h to thank Professors 1•. N. Bracewell and 
A.M. Peterson for their valuable comments. The 
equipment maintenance as well as many of the 



2336 FERNANDO D•, MENDON(•A 

............ t•. • ........ .................... ..., J,,!• .... • ,.•!T.•, ........ 

............. •,•, ,n• 

..... ii t ,ill , 

:::::::::::::::::::::::::::::: lu ...... : ....... ,., ,,,• ,.. . 

•::l•;::::l:•:lllllllll• it,: • ...... '1•. tt ...... ß 

. . 

' 't 
. .... ..... .., ,, .•, 

ß ' ß - . • It i •i ' ' " ' " ................ 

...... '" '"' ;: ::i:': ::' '; ' ': ': •i": ....... •.•:• i•..: ;::: ........ . ....... . •,. '• . ß J?•m•]l'•!II?•'• •!!; •ili•ii• •ii !ii • ':• ................ • ....... • ............................. = ............................ ' .......... - ................ ..• .................... 

• ß -'• •. :•;• •,1 -:• :: :: : : ::::: .; :::: :::; ::: ::.: ::;: ::- :::: .::. u.: .:: :::::: :::: :.. : • : ..... : .:. :.:... ::....:: :.:. : :..: :::: :::: ;:•. F•.•,4•:,I•:,.: .................................. •': ...... ß ....... ':' '"::: ": ......... ß .... ':•..... :- :: ß ..'.:.. .':'::.::':: :.::•..:: :' :.' :.:•::::: 

ß .t:.,.4.•I ...... • , ' ..... : ............................................................. , ..... •"-. ß Z•4.'"'I'•X•: ;:' ,•: :t• •: ,•e•:. :.: • :: ..: .... • ..... ::: ::.. • • :::: :::: .:.:-.•ff....'.: :::. I• ': • •. ::i • • l• •T•l. LXlt:r.•':•; ::t: ::h :::: •::• :::: :::: ':::•':: ::. ::" ::.' ::: .'.: '::' ':': '" - '" • ':• ': .... :' ::::' ' :::: :::: '•" :" ':;: '-:: :::: ': .... ' ....... .. ":: 'Z 
t • ,4 •;, •; ....... • ................................. ..:: :•: :-:. :::: .::..:= :::;.;_:: .•. _• u.: ;.:• ;:=.;x; ...: ;;:; •;:: :." ':.: .:;. :::';'.:;: ':: :::: ':;:: ,.;...•' .. .•:: i;:• •;;• •i.: ;:• :•i •:• •:' 

I•:•t•l::ii::l•i•li::::i g:.• •i• :.•i: •::•: •::• :u• .•:•: • ....: :•' ':•...•: ..: - ':.: :•.•' ;;•:: ;::• :•;• •:: :u• :;•. : .-..•:: .•.. i:..... {i •;• •:.• ';•::. {• :.•:• '.i•-• .• .• .,' 

d•l•iit•i•li•l• • •u :•:• .:•: :•:: :• ....... ... :.. ............ : ...... ß :::•.: .......... : :n; •::• ........ ,• :• •::g• •;•:. •i•:.i• .•:: •::::: .. :•.:::'•:• •::•' • • :• ::• •'• I• • ::•: •:: :::::: 
:::: .•, .1i• •;! i ::.• •:•; :,:i 

I,,; 

.,.•.• {• • i• •.• ' •ii• • •' •'•i• ii,•i !•]i •;• • • •u].•. ;i• •i;i ;;•; ;;': ;:•=• •.•: :'• ::;; .;;. :;:.. ..... ; ........ ..::: :• ........ •:, 
] • ...... • , ß 

' '" ...... ': • . ' 'i" •i .... : ;' ....... ' ' ;' ' .... • ......... •' "'i • 

i•I' , . , 

..... - 4' . .,•BI .... .., 

•,oo 

1.5o 

I.OO 

u 0.,50 

o 

,.• -o.õo 

Fig. 18. Electron content and Doppler shift offset as a function of time (t• in seconds) for 
a northbound passage of the satellite Transit 2-A with PCA at 06h 01m 32s (LMT) on July 
28, 1960. Small-scale irregularities in the electron distribution causes the scattering of the points 
in the Doppler shift offset curve with corresponding variations in I (t). 
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