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1. Objectives

e Examine in full details the boundary conditions on the world tubes gener-
ated by the orbits of the binary system.

e Show that in the linearized regime of the Einstein field equations in the
Characteristic Formulation, the power emitted by a binary system com-
puted via News function is in agreement with the Peters and Mathews
expression obtained in the 1960s.
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2. Linearized Regime
» [Bondi et al., 1962, Sachs, 1962], Bondi-Sachs metric
ds? = — ((1 + E) e — rQhABUAUB> du? — 2% dudr
T
— 2% U P duda® 4 r’h ypdada®, (1)

» At the linearized regime, perturbing the Minkowski metric, (1) becomes

/1—9—25 1-28 U+ w-0)
r 1+ (C 1+¢C
—1-28 0 0 0
gw =1 | (U+0) 22+ J+J)  2i’(J —J)
1+¢C (1+¢0)% (1+¢0)?
Z,7“2(U—U) _22'7"2(J—J) _2r2(—2+J+J)
\ 1+ (140 (1+ 0
» where
A —A— —A
J_hABg C]B’ 7:hABq T :%7 U=UAq T=U"

are spin-weighted scalars [Winicour, 2012, Bishop et al., 1997, Bishop et al., 2005]
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» ¢ are tangent vectors to the unit sphere, in stereographic coordinates they

are _
1+¢¢ .
qA = % (5% + 2561) ) q,u = (07 07 qA)' (3)
[Gémez et al., 1997, Newman and Penrose, 1966, Goldberg et al., 1967]
» where
(y = tan 5 )¢ 6 €(0,7/2], (5= cot 5 )¢ 0 €0,7/2],
¢ € [0,2m) (4)

» The field equations are decomposed as hypersurface, evolution and con-
strains [Bishop et al., 1997, Bishop, 2005, Reisswig et al., 2010]

(5a)
Eapq*qd® =0, (5b)
By =0, Bia=0, Eiaq” =0, (5¢)
» where
1
E, =R, —8r (T/w — §gﬂyT> , with £, =0 (6)
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» The field equations read [Bishop, 2005]

(Ta)
(7b)
(7c)
877-jﬂ’ABquB = _262ﬁ + (T26U) r (T2‘]ﬂ“) r +2r (r‘]),ur ) (7d)
T - 68(1} 885 (8U + 5Uv) u Wy W prr 26,11,
87T(§+T11)_2T3+ r2 2 +r2+27" o (7e)
P\ e CETLR),
81 (5 —|—T12) =2 — 172 o (7f)
3J, U U 1 (0w (r'U)
A _ u- I o ST
87TT1AQ = 5 A + A + 2 < ’ >’7, 86,71,—" 92
2
UUT
e Ly (7g)
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» Where the differential operators 8 and 0 are the projections of the covariant
derivatives onto ¢# vectors and satisfy

0,0 = (14¢C) V¢ +sC,0,

0,0 =(1+¢) s¥c—sC,7,
[0,0] W = —2s5 0.

o oo
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7 14th Marcel Grossmann Meeting 2015 eFirst ®Prev ®Next ®lLast ®Go Back ®Full Screen ®Close ®Quit



3. Solution for a eccentric binary system

> . °

— ilml¢) &
g %;%R(ﬁme ) 82,

where Sf - {67}07 Jaja U,U},
¢ = ¢(u)

e Two (for equal masses) or three
(different masses) empty regions

» Two ways to solve this boundary problem:
e Vacuum solutions + jumps in g,, and in g, = T,

e Vacuum solutions + 7, = jumps in g,, and in g, .
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» The solutions for the radial part of the equation (7) for the vacuum, for
[ =2 and m # 0, are

BQm(T) - D162m7
ZiDlggm _ DL]Qm(Q;T \m| — 1)(¢N)7“ ]m| + 1)

SR Ay o
_wwzme%%ﬂml(gzr m+? nggm(gzr I — 34)
86713 |m/” orim|
) = 2 DlBQmL(;me‘ i) 1Darm (jgm ml? +6)
¢r|m| ¢r? [ml|
D1 jom (25527“2 iml? + 4igr m| + 3) D jomerml (26 |m| + 31)
6 8657 [m’ |
Wom (1) = —107D1goym + 67 D3 9,,(2 + icgr Im|)
iD1yom (14 )or Im| — ) (1 + (1 +9)ér |m|)  3iDayomeorim
. r? g mf

» Dyim = Dppim(u) in order to allow ellipticity in the orbits.
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» Boundary conditions in the world tubes

[911],. = 0, [g12],, = Agual,., [q14],, =0, [g22], =
(924],, = 0, [g3],, = 0, [ga],, =0, (10)

» In their first derivatives,
[g:“/}ri = AQL,V? H,V = 17"'47 (11)

rite f(?“)

» Then, the jump in the metric coefficients are

(Wi (17)] = Awjim, (B (1)) = Bﬂm:
[Jim ()] = 0, [Uin (r5)] = (12)

where the brackets mean [f(7)],, = f(r)

r;,—€’

» and for their first derivatives

[wgm(rj)] Aw]lnﬂ [ﬁl/m(rj)] - Aﬁllma
i (r)] = ATjpps U (1)) = AUy, (13)

jlm>

and AU’

where j = 1,2, and Awj,, ABjm, Aw' jlm &

functions to be determined.

! /
3lm> Aﬁ jlm> A<]jlm
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» Space-time flat at the vertex of the cones
» Regularity of the space-time at the null infinity.
» The solutions for the algebraic system of equations are,
ABjim = bjim,  AWji = —27bjim, (14)
where bj;,,, are constants.
» The last fact implies that AS, = 0.

» We obtain that the jumps for the first derivative of the J;,, and U, func-
tions are given by

8&27“jbjlm |77”L|2

Ajin = (=D +1){+2) (15)
T . o
AUjlm = 2bjim (TZZ l(l i 1)7”2') . (16)

» If the system is a point particle binary, then

2T
bﬂmzzfdr/ d¢/daozlmm2, L=(j—Sr+5) (A7)
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o= 2O 0~ )56 — 3) + Mab(r — ro)S(6— & — 7)), (18)

r

» [Peters and Mathews, 1963]

% My Mo
ri= pid, = = 19
J = Hy Hj M, H M, + M, (19)
2 [(My + Ms)a(l — €2)]/? 1— ¢
¢:[( |+ z)c;( ANT o dl=e) (20)
d 1+ €ecos ¢
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4. Gravitational Radiation

» The Bondi’s News function was computed by [Bishop, 2005] and reads

r2J 0%w
_ 1 . SUr 2 . 21
V=t (g ) )
» Thus
1 /3 i3 9
N = 5 { T _oR (ew (Dij2.s) (u)> + 925 9N <€2z¢ (D1ya24)’ (U)H
]2 io 7 6 g
+ 2@\/; [ 04y _oM <e2 ¢¢3D2J2-2+(U)> + 975 9% (62 ¢¢3D2J22+(U)>}
(22)
» The power emitted by the system is computed as
Al 2
P=—=[dQ 2
= /Q N (23)

» For equal masses and in the very low velocity limit, v ~ 1, one obtains

- 6 - _ 4
64 (My)° (e cos ¢ + 1) 16 (My) °€® sin® ¢ (e cos ¢ + 1)
P=- e — 5 (24)
55 (€2 — 1) 15a5 (2 — 1)
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that is just the Peters and Mathews expression for the Power emitted by a
point particle binary.

» For circular orbits and different masses, the News reads
2 o e
N = Qi\/; [ 0 Zy _oRt (621¢¢3D2J2-2+) + 229 9% <€2z¢¢3D2J22+>} (25)

» Then, the power emitted is

dE 32 2734
= T (My + Ma)® + a1 (M — Ma)?
57376 4 » 4010276 |, 2
20270 | e s — M .- (26
+ 3069 1% (./\/l41 + M42) + 155925 v (M 1 —M 2) + ( )

where, the red color indicates the contribution to the power by terms of
different value of [ and

My = Myri (v + 1), (27)
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