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In the present study a simplified multiscale atmosphere-ocean coupled
model for the tropical interactions among synoptic, intraseasonal and inter-
annual scales is developed. Two nonlinear equatorial 3-plane shallow wa-
ter equations are considered: one for the ocean and the other for the atmo-
sphere. The nonlinear terms are: the intrinsic advective nonlinearity and the
air-sea coupling fluxes. To mimic the main differences between the fast-
atmosphere and the slow-ocean, suitable anisotropic multi space/time scal-
ings are applied, yielding a balanced Synoptic/Intraseasonal/interannual-El
Nifio (SInEN) regime. In this distinguished balanced regime, the synoptic is
the fastest atmospheric time-scale, the intraseasonal is the intermediate air-
sea coupling time-scale (common to both fluid flows) and El Nifio refers to
the slowest interannual ocean time-scale. The asymptotic SINEN equations
reveal that the slow wave amplitude evolution depends on both types of non-
linearities. Analytic solutions of the reduced SInEN equations for a single
atmosphere-ocean resonant triad illustrate the potential of the model to un-
derstand slow frequency variability in the tropics. The resonant nonlinear
wind stress allows a mechanism for the synoptic scale atmospheric waves to
force intraseasonal variability in the ocean. The intraseasonal ocean tempera-
ture anomaly coupled with the atmosphere through evaporation forces synop-
tic and intraseasonal atmospheric variability. The wave-convection coupling
provides another source for higher order atmospheric variability. Nonlinear
interactions of intraseasonal ocean perturbations may also force interannual
oceanic variability. The constrains that determine the establishment of the
atmosphere-ocean resonant coupling can be viewed as selection rules for the
excitation of intraseasonal variability (MJO) or even slower interannual vari-

ability (EI Nino).



35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

1. Introduction

Although incoming solar radiation is the main external energy source for the planet, the terres-
trial components (atmosphere, hydrosphere, biosphere and lithosphere) manage the energy input
and define both the fast (weather-scale) and the slow (climate-scale) responses. Moreover, among
the terrestrial components of the earth’s system, the atmosphere and ocean (a sub-component of the
hydrosphere) are the leading contributors (Gabites 1950; Fritz 1958). In the weather time-scale,
there are outstanding variabilities from microscales to the intra-diurnal (< 24 hrs), the mesoscale
(< 2 days) and at synoptic-scale (3 - 7 days). On the other hand, in the climate time-scale, vigor-
ous spectral peaks are found in the intraseasonal (30-180 days), the inter-annual to EI Nifio (1.5 -
7 yrs) and the multidecadal (> 10 yrs) time-scales.

Recent studies highlight that the persistent deficiency in modeling the slow climate response can
be associated with a misrepresentation of the fast weather-scale variability (Innes 2002; Stevens
and Bony 2013; Bony et al. 2015). There are also both observational (e.g. Johnson et al. 1999)
and general circulation modeling (e.g. Inness et al. 2001) evidence of the modulation of weather
scale phenomena by climate variability. In addition, due to the large gap between weather and cli-
mate time-scales, if the weather affects the climate, this connection ought to be through multiscale
interaction mechanisms. Thus, a renewed interest in systematic methods to develop simplified
multiscale atmospheric models for scale interactions can be noted (e.g. Majda and Klein 2003;
Majda and Biello 2003; Biello and Majda 2005; Raupp and Silva Dias 2005, 2006, 2009, 2010).
The scale interactions can be responsible for the connection between weather and climate re-
sponses and involve either upscale/downscale cascade fluxes (Torrence and Webster 1999; Biello
and Majda 2005) or discrete wave interactions ((Raupp et al. 2008; Raupp and Silva Dias 2009,

2010)). In this context, the wave-wave interactions have been used to explain the generation of
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low frequency El Nifio variability (e.g. Zebiak 1982; Zebiak and Cane 1987; Suarez and Schopf
1988; Battisti 1988) and the intraseasonal atmospheric variability (Raupp and Silva Dias 2009). In
evoking nonlinear wave interaction theory, the rigorous constraints in discrete resonant wave-wave
interactions have been used to explain how certain interactions are favored over others (Longuet-
Higgins and Gill 1967; Domaracki and Loesch 1977; Majda et al. 1999; Holm and Lynch 2002;
Raupp and Silva Dias 2009; Ripa 1982, 1983a,b).

The present study applies both multiscale methods and nonlinear wave interaction theory to for-
mulate a model capable of describing scale interactions in a simplified coupled atmosphere-ocean
system. The multiscale method adopted here is similar to that adopted by Majda and Klein (2003)
for the atmosphere. Thus, our approach can be regarded as an extension of Majda and Klein’s
systematic multiscale method by including atmosphere-ocean coupling. Perhaps the most inter-
esting feature of our approach is to retain the eigenvectors, atmospheric and oceanic wave modes
as leading-order solutions, which in turn allows these modes to interact through the nonlinearity
associated with atmosphere-ocean coupling fluxes.

Two types of nonlinearity are included: the intrinsic advective nonlinearity and the nonlinearity
related to the physical processes. The latter includes both the coupling between large-scale waves
and moist convection and the heat and momentum fluxes associated with the atmosphere-ocean
coupling.

As the focus of the present paper is on the nonlinear interactions in the tropical region, we use
the equatorial B-plane approximation. Once the model is scaled by suitable multi-time and multi-
space scalings, a perturbation theory is adopted to further simplify the equations and to obtain a
reduced and more tractable system describing the interactions involving synoptic, intraseasonal

and interannual time-scales in the atmosphere-ocean coupled system.
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The paper is organized as follows. In Section 2, the basic model equations are introduced and
the outlines for the atmosphere-ocean coupling are provided. Suitable scalings to represent the
SInEN regime are reviewed at the end of Section 2. In Section 3, parameterizations for the mass
and momentum fluxes in the SInEN regime are discussed. In Section 4, the dynamics and physics
are joined to formulate the SINEN model equations. The SInEN model evolves in three time-
scales, from the equatorial synoptic up to the interannual through the air-sea coupling intrasea-
sonal time-scale. The explicit equations for the scale interactions are obtained by asymptotic
perturbation methods. In Section 5, analytic solutions of the reduced SInEN equations are illus-
trated for the case of a discrete resonant triad composed of an oceanic Kelvin mode interacting
with an atmospheric Rossby mode and an atmospheric Kelvin mode through the parameterized
atmosphere-ocean coupling fluxes. The analytic solutions demonstrate the potential of the physi-
cal parameterization terms (“physics”) to yield slow frequency variability by making synoptic and
intraseasonal scale waves to exchange energy in interannual time-scales. In addition, according to
our theoretical model, other effects such as the wave-convection coupling in the atmosphere can
also play an important role in the excitation of low frequency variability. In Section 5 we also
analyze the spatial patterns of the involved waves and the resulting atmosphere-ocean coupling
fluxes. Then we discuss a possible configuration, based on observed features of both the MJO
an El Nino - Southern Oscillation (ENSO) phenomena, that makes the interaction associated with
the selected triad plausible. In Section 6 we summarize the mechanisms that allow the multiscale
atmosphere-ocean interactions in the novel nonlinear multiscale model developed here and discuss

how this model can be used to explain the slow climate variability.
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2. A basic coupled atmosphere-ocean model for the equatorial region

a. Model equations

A simplified coupled model to study the tropical multiscale air-sea wave interactions can be ob-
tained by using two nonlinear shallow water models, one representing the ocean and the other the
atmosphere. Although the advective nonlinearities are not directly responsible for the atmosphere-

ocean energy exchange, they are preserved in (1). Thus the governing equations are given by:

OVa+Vy-Vva+Byk x v, +¢gVH, =F,, (1a)
OHy+Vq VHy +H,V v, = Fy, (1b)
Vo +V,-VV,+Byk xv,+ g VH, =F,, (1c)
OH,+ Vo VH, +H,V -v, = Fy, (1d)

The subscript o (a) refers the ocean (atmosphere). The vector (v,, H,) represents the ocean state
i.e., currents and thickness, while (v,, gH,) represents the horizontal wind and geopotential height,
g = (Ap,/po)g is the reduced gravity, and the equatorial Coriolis parameter is represented by the
B —plane approximation (Gill 1982; Pedlosky 1987). The convention used in the atmosphere for
its vertical structure is that the shallow water equations represent the lowest atmospheric portion
of the first baroclinic mode (similar to Liu and Wang 2013). The source/sink terms are denoted by

F,,,Fu,, F,,, Fg, and the atmospheric height and ocean thickness are:

Hv — Hv(l +thv)7 With V= {Cl?O} (2)
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where Hy is the dynamical height/thickness and Hy, its time independent mean value. F, is a non-
dimensional measure of the amplitude perturbation and Fy Ay is the height/thickness perturbation

per unit of vertical length.

b. Scalings for the synoptic/intraseasonal/El Nifio (SInEN) Regime
1) MULTI-SPACE HORIZONTAL SCALINGS

Since time and length scales in the atmosphere are different from those in the ocean, we use mul-
tiscale methods (Pedlosky 1987; Majda and Klein 2003; Biello and Majda 2005). For instance, in
the tropical region, the zonal extension of the Pacific Ocean (I; = 15 x 10%m) is a distinctive pa-
rameter. In the ocean, [ allows for the delayed oscillator mechanism of the El Nifio phenomenon
(Philander 1999a), and, presumably, is the zonal extension of the Pacific Ocean one of the causes
for El Nifo to occur only in this tropical ocean. In the atmosphere, despite teleconnections, sig-
nificant tropical spatial variability is at and within the /; scale. Consequently, [ is taken as the
referential zonal planetary scale in our model. On the other hand, the effects of both rotation and
latitudinal trapping for large-scale waves near the equator are measured through the equatorial
Rossby deformation radius. Thus, two important spatial scales are introduced: the atmospheric
(oceanic) Rossby deformation radius A, (A,), where A, = \/CW , with C referring to the atmo-
spheric first baroclinic gravity wave speed, and A, = m , with C,, representing the oceanic first
baroclinic gravity wave speed. The parameters relating zonal and meridional length scales for each
subsystem are given by the anisotropy parameters 8, = A,/l; and 8, = A, /L. Since 4, < A, < I,
the horizontal spatial scales are anisotropic (Schubert et al. 2009; Ramirez et al. 2011a,b) and,
as Ay /Ay = Ay/ls = €[0.1], the balance relation 5, = 501 /2 is useful to describe the spatial scale

separation.
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2) VERTICAL FLUCTUATION SCALINGS

Consistent with previous models, the oceanic shallow water equations represent the active layer
of the ocean, with mean thickness H, = 150m (e.g. Battisti 1988). In addition, observational
records show that the fluctuations of the oceanic thermocline 4, are of about 30-50 m (Donguy
and Meyers 1987), which therefore results in estimates for the oceanic non-dimensional height
fluctuations F, = h,/H, ~ ©[0.1]. For the atmosphere, the allowed fluctuations in the equivalent
height associated with the synoptic scale temperature fluctuations A@ = 1.5 — 3.0 K can be esti-
mated through the hypsometric equation (c.f. Emanuel 1987; Klein and Majda 2006), resulting in
a non-dimensional height fluctuation F, = h,/H, ~ €[0.1], which is consistent with the estimates
adopted in the atmospheric asymptotic multiscale model of Klein and Majda (2006). Therefore,
Fy =~ 0[0.1], v ={o,a}, is suitable to represent both the height and thickness fluctuations in the at-
mosphere and ocean, respectively. Thus, hereafter we shall use F' = F, = F, = €'[0.1] to represent

the vertical fluctuation in both the atmosphere and ocean.

3) MULTI-TIME SCALINGS

For multi-time scalings, the time-derivative is split into fast (%), intermediate () and slow
changes (7). The intermediate scale is the referential time-scale T,.r, and its neighboring scales

are separated by the scale separation parameter €:

O — € '0:+ 0, +ed; 3)
For the SInEN regime considered here, T;f is related to a measure of the air-sea coupling velocity
U defined by:

1
U= E(varef +C,) =~ 4.0m/s, “4)
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Reported values of v, ., in the tropical troposphere, lie in the range of 1 —9 m/s (e.g. Reed and

ref
Recker 1971). Holton (2004), in his scale analysis of large scale motions in the tropics, adopted
10 m/s as the atmospheric horizontal velocity scale. Here, we have selected v, . = 5.5 m/s (see
Table 1). However, the same qualitative results are obtained if we select the large values for U used
by Holton (2004). The oceanic gravity wave speed of the first baroclinic mode C, lies in the range
of 2.4 - 2.9 m/s (Ripa 1982; Battisti 1988), and here the reference value of C, = 2.5 m/s is used.
With these referential length and velocity scales, it follows that the referential time-scale Tif is
the intraseasonal time-scale Tref = Tine = I;/U = 43.4 days. Therefore, for a time-scale separation
€ = 0'[0.1], the neighboring time scales are the equatorial synoptic time scale €7j, = 4.3 days and
the interannual time scale € ! Ti, = 434 days. Since O[U] = O[C,] = O|v,,], the same qualitative
results can be obtained if we use either v, or C, instead of U. The model obtained with the above
scalings spans from the synoptic to the interannual time-scales, with the intraseasonal scale as the
coupling time-scale. It is noteworthy that, as U < C (C: baroclinic gravity wave speed) in the
atmosphere, [;/U is related to the slow nonlinear advective time-scale. In contrast, for the ocean
Tin; 1s the characteristic time-scale for the linear gravity wave propagation. This motivates the
ansatz in (34) for the evolution of the model, which establishes that the atmosphere evolves using

the fastest two time scales (synoptic and intraseasonal), and the ocean evolves using the slowest

two time scales (intraseasonal and interannual).

c. Scaled Model for the SInEN Regime

Now, considering the above discussions, the following scalings are utilized:

10
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Ocean scalings

t = (Is/U)ts; x = Lyxy; Y= Aoys;
h=H,Fh,; u=Uyuy; v=_AU,/l5)vs; (5a)
Co=VegH,~U; A=+/U/B; 8 =2/l
Atmospheric scalings
t = (Is/U)ts; x = L Y= Aay;
h=H,Fh,; u=Uu; v=(AU/l)vs; (5b)

C=+/gH,~e'U; A, =+/C/B;

5a = Aa/ZSa

The referential intraseasonal time-scale Ty = I;/U and the planetary zonal length scale [; are

common for both the atmosphere and ocean, while the other selected scalings are different for the

two subsystems. Application of scalings (5) into (1) results in:

8tua+va-Vua—8_15a§r;1yva+ Z2Fo.h, = (6a)
8.0Va+ 8uVa - Vva+& LT lyug+ €7\ F, 2Foh, = ), (6b)
Oha+Va - Vhy+F 'V -Va+h,V vy = Fyy,; (6¢)
F -
at”o'i‘ﬁrgvo'vuo_yvo“f’zaxho :Fé)a (6d)
T -2 -2 F )
0p0iVo + 80 Fr Vo - Vvo+ € “yu,+ € 7 dho = Fy,, (6e)
Yo
€ -
8th0—|—8v0-Vh0—|—FV-V0+8h0V-V0 =Iy,; (61)
where the scaled forcing terms are given by:
F* = l—F" R, = l—Fy Fy = ks F) (72)
Va U2 Va? UZ Vayr I'Hg UHaF Hy»
_ l - - I
é,:b‘(jz éﬁ \%}0: U2 V()’F() UH FFH (7b)

e In (6)-(7) above, &, is the atmospheric anisotropy parameter, .%,, = U /C is the atmospheric Froude

e number and 6, .%,, = U, /C, refer to their oceanic counterparts. Furthermore, with € = 0.1, [y =

11
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15%10°m, U =4 m/s, A, =4.2 x 10°m, H, = 150m, H, = 250m, B =2.29 x 10" "'m~ s~ A, =
15 x 10°my; it follows that §, = ¢[¢] and 8, = O[€?]. Thus, as the oceanic Rossby deformation
radius is one order of magnitude smaller than its atmospheric counterpart (8, < 0,), the ocean is
more zonally elongated than the atmosphere, and this is consistent with the observational estimates
for the tropical latitudinal extension.

On the other hand, for typical values of the referential currents in the active ocean layer U, =
0.3 —0.5m/s = €U, it follows that .%,, = O[g]|. Thus, the scalings considered here yield the

balance:

6a=0.=2, =F, =F,=F,=F=¢=0.1, (8)

a

Therefore, following (Majda and Klein 2003; Biello and Majda 2005) € can be used as
the small parameter in our formal asymptotic development, that is, the reduced model for
Synoptic/Intraseasonal/interannual-El Nifio interactions in the coupled atmosphere-ocean system
is obtained for € — 0, and the conservative choice € = ¢[0.1] is physically reasonable. The bal-
ance relations in (8) are required for the singular terms in (6) to appear in a skew-symmetric form,
which allows us to obtain energy estimates independent of € and thus to guarantee the regularity
of the solution (Majda 2002).

It is important to note that in the ocean the quasi-geostrophic balance regulates the dynam-
ics at leading-order in &, so that the nonlinearity is weak and the oceanic Strouhal number S;,,
(Zdunkowski and Bott 1980) relating the advection to the local derivative is small. In contrast,
in the atmosphere the nonlinear terms are of the same order as the local time derivatives and,
therefore, the atmospheric Strouhal number S;,, = &[1]. Consequently, if prognostic equations

are considered, the advective nonlinearity is not negligible. In both the atmosphere and ocean,

12
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the meridional acceleration is weaker than its corresponding zonal acceleration, and the system is
slightly dispersive, with the spectrum of normal modes being modified under such conditions. The
linear and weakly nonlinear equatorial wave spectra undergoing a continuous transition between a
fully non-dispersive regime to a dispersive regime, as a function of the anisotropy parameter, have
been studied by Ramirez et al. (2011b).

In the atmosphere, for the case of a purely Rayleigh friction in the momentum forcing F* = ru,
with a particularly strong damping »~! = 2 days, the Gill-type model is recovered. Thus, to
leading-order in €, the atmosphere is rapidly adjusted to the ocean. In such a case, the memory of
the system is in the ocean, and the dynamical component of (6) is basically the same as that used
by Battisti (1988); Philander (1999b). The advantage of our approach is that (6) allows for linear
waves in both the atmosphere and ocean, along with nonlinear effects coupling these modes.

Moreover, for the atmosphere, the scalings (5) are consistent with those used by Biello and
Majda (2005) to obtain the IPESD (Intraseasonal planetary equatorial synoptic dynamics) model.
Likewise, the scalings for the ocean are consistent with those used by (Battisti 1988; Philander
1999b; Dijkstra 2000).

In the real atmosphere-ocean coupled system, there are indications that the Madden-Julian Os-
cillation (MJO) can trigger El Nifio (McPhaden 1999). However, not all MJO events trigger an El
Nifio event, and, consequently, there might exist a nontrivial selection rule. As we shall see later,
a possible selection rule that might lead the MJO to excite interannual El Nifio variability refers
to wave triad resonance associated with the mass and momentum forcings that couple atmosphere

and ocean.

13
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3. Physical parameterizations for the SINEN model

a. Physics of the coupling

According to Dijkstra (2000), the sea surface temperature anomalies (SSTA) force changes in
the low level winds through pressure differences directly induced by the temperature gradients or
through pressure gradients associated with sensible and latent heat fluxes controlled by the sea sur-
face temperature (SST). As a result, the wind changes result in modifications of the wind stress,
which induce changes in the currents and drive further changes in the sea surface temperature
(SST) (see also Wang and Weisberg 1994; Philander 1999b). Thus, it is necessary to include an
equation for the SST to close model (1). Other processes and some limitations of the parameteri-

zations here used are discussed in Section 6.

b. Momentum flux

The low level surface winds impinge a stress 7 onto the surface that transfers momentum to
the ocean. In principle, this flux is parameterized by the bulk formula (Krishnamurti et al. 1998;
Rogers 1976). However, as the flux is transferred throughout the active water column, the stress is
weighted by the factor p,H, (proportional to the depth of the layer). Thus,

-

= T _ paCdWaWa
’ poHo poHo

; ®)

where p, is the air density, C; the drag coefficient for momentum and p, the water density. Fur-
thermore, we consider the case in which 7 is dominated by the zonal wind stress (Cane and
Sarachik 1976; Dijkstra 2000). The elimination of the meridional wind stress is also consistent
with the dominant geostrophic balance in the meridional momentum equation. Thus, F‘Z =0,
F = (paCalualua) / (PoH,) and the dimensionless wind stress Fy} = (I;/€U )Fy; used in the scaled

model equations is given by:

14
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F = Cunxitg, (10)

where the coefficient for momentum exchange is given by:

Iy paCqU?sign(uqy)
eU? PoH,

: (1)

CMﬂx =

MOMENTUM FLUX STRENGTH

To access the order in € at which the momentum forcing must contribute, we first estimate

the strength of the momentum flux (||Fy; [|). Thus, using the values in Table 1, it follows that
2 ~

1y || = p“pf—dﬁlj ~0.12 x 107% m/s, and the non-dimensional scaled strength ([[Fy ) is given by

X l X
IE || = g—lszFvoH ~ 1.21 = 0[e]. (12)

c. Mass flux

The mass flux Fy, is set as the difference between evaporation E and deep convective precipita-
tion P, that is,

Fy,=E—P, (13)

With the sign convention adopted in (13), it is assumed that evaporation supplies mass to the
atmosphere, whereas precipitation removes mass from it. Although this assumption is adequate
for the basin wide zonal scale considered, it can break down for smaller scales; for example when

the effects of the water vapor on the density must be considered.

1) EVAPORATION

The moisture flux is given by the bulk formula, which reads E = p,CyL,|Va|(gs — ¢a), Where

Pa 1s the air density, C, the drag coefficient for water vapor flux, L, the latent heat of vaporization,

15



262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

qs and g, are the saturation and anemometer level moisture, respectively. Analogous to the wind

stress forcing we use |va| & |uy|. Thus,

E = pCyLy|ua|(qs — qa)- (14)

As in Neelin and Zeng (2000), the anemometer level moisture ¢, is split in two parts, namely:
94 = qr + Aq,, where g, is a referential time/spatial independent moisture and Ag, represents
local departures from ¢,. Although several processes can be accommodated in Ag,, such as the
mesoscale/synoptic scale structure and evolution, we will set Ag, = 0. This shortcoming will
somehow be fixed later as the synoptic scale mass flux Qgynoptic Will emerge as necessary forcing
in order to close the model equations and to excite the lowest order perturbations in the atmosphere.

The saturation moisture g; can be approximated by

es(T)Rd

15
DR, (15)

qs =

where ey is the saturation water vapor pressure, p is a referential pressure and R;/R, = 0.622.

The temperature 7T is split into basic state temperature 7' and anomalous temperature 7’. Then, by

using the Clausius-Clapeyron equation % = % and neglecting the temperature dependency

of the latent heat of vaporization, we obtain

LT

_ Yde )
R,T?

pORv

qs(T") (1+ (16)

where ¥* = e0 exp( (£ — 7)) €50 = 6.11 mb, Ty = 273.0K and po = 1000 hPa. Thus, the

moisture flux as a function of 7’ and u, is given by

E(T',uy) = Cylug| + Crlug|T’ (17)

16



277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

where C, and Cr are non-dimensional coefficients for the linear and nonlinear components of the

moisture flux

ls '}ﬁRd
u = == PaCyLy — — 4rl), 1
Cu= g PoCelaU (L2~ (a) (189
YdeLV[T']

Cr= s PaCyLyU ( ). (18b)

UH,F"™ poR, R,T?
In the equations above, [g,] and [T”] represent the dimensional strength of moisture and sea surface
temperature anomalies, respectively. Differently from Liu and Wang (2013), the expression for E

contains a nonlinear term yielding a coupling between temperature and wind.

2) THERMODYNAMIC EQUATION

The approximate thermodynamic equation with dissipation rate r, radiative forcing S and hori-

zontal and vertical advection is given by
oT' /ot = —€¥o-VT' —w,0T' /dz—rT' +S. (19)

Simplified versions of (19) can be obtained, for the case of weak horizontal advection (¢ — 0) and
no radiative forcing (i.e. S = 0). Moreover, the vertical advection depends on the vertical gradient
associated with the difference between surface T’ and the subsurface Ty temperature anomalies.
Thus,

o1’ T —T, T’

o o

where K7 relates the subsurface temperature anomaly to the height perturbation 4, (Battisti 1988).
In addition, in the fast thermodynamic adjustment, dT’/dt — 0, the sea surface temperature

anomaly can also be related to the height perturbation through the following expression:

T = (r+ %)T’ — Krh, 1)

o

where r* is the dissipation rate modified by the vertical advection. With the aid of the thermody-

namic equation (21), the moisture flux can be written as a function of the ocean height perturbation
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E(hmua) :Cu|ua’+ch|ua’ho (22)

where
ls Yde Lv KT[ho]
Cp=—= Cc,L,C = 23
h = URF P (poRVRvTZ ) (23)
and Cj, is related to Cr by
KT[h()]
C, = 24
"= T (24)

EVAPORATION STRENGTH

In order to access the evaporation strength, temperature fluctuations in the tropical atmosphere
A0 are used as proxy of the moisture fluctuations Ag, in the same region. In this way, Ag, is
used to estimate the moisture flux. Following Majda and Shefter (2001b), the typical magnitude
of temperature fluctuations in the tropical troposphere is given by A@ = (8y — 0)/6y ~ 0.1 for a

referential temperature 8y = 300K. This estimate is roughly valid for specific moisture fluctuations
Cp
Ag, =~ L—AO ~ 12 g/kg. (25)
1%
Thus, the evaporation strength is given by ||E|| = 2.29 x 10° W/m?, or in m/s
|E|| = 4.9 x 10° uy Ag, = 0.94 x 10~ m/s (26)

The dimensionless evaporation strength using £ in m/s results in

3 I
FEll= —2_|E||~1.4e ' = 0le! (27)
[t7Al UHaFH | [e7]

3) PRECIPITATION

Precipitation is parameterized by the low level moisture convergence due to anomalous winds

according to
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hy
P= )Lp/o HO(=V - (quVa))dz = Aphp A (—V - (qvVa)) (28)

where A, is the precipitation efficiency, /, is the boundary layer depth given by hj, = €H,,, g, is the
moisture field and .77 (x) = x for x > 0 and zero otherwise. If the moisture field g, is approximated

by the time/spatial independent referential moisture ¢,, then P is given by:

P~ Cp, 7 (—V-V,) (29)
where,
ls A«phbqu
Cpr = —— 30
PreURF L (30)

PRECIPITATION STRENGTH

In the tropics, several hierarchies of the organization of clouds and precipitation are found
(Nakazawa 1988). In general, P is confined to a region whose length scale /. is smaller than
I, with [, representing a measure of spatial organization of clouds and precipitation. In the upper
limit, /. ~ I, P represents planetary scale precipitation as in the Intertropical Convergence Zone
(ITCZ) or the Madden-Julian oscillation (MJO) envelope (Nakazawa 1988). Smaller hierarchies
of clouds lead to smaller values of /.. Examples of these smaller hierarchies of cloud organization
are the planetary scale organization by cloud clusters with /. ~ 100 km, super-clusters of synop-
tic scale organization (SYSO) with /. = €l; = 1500 km and mesoscale organization (MESO) with
l. = €ly/m ~ 500 km .

The dimensionless precipitation strength for a precipitation efficiency parameter A, = 0.9 (see
€, in Majda and Shefter 2001b) and a planetary scale precipitation with /. = [; is then estimated

as follows:
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ls lphbq;fU
UH,F I,

1B || = ~1.le =0 (31)
Furthermore, for heating regions associated with the MJO Fga ~ 1.7¢~!. In addition, for synoptic

scale heating we have F;I)a ~ 11.0e~!. These numbers agree quite well with other estimates (Majda

and Shefter 2001b,a; Yano et al. 1995).

MASS FLUX STRENGTH

The mass flux (£y,) is given by the balance between E and P and its strength is determined by

3 I
By = —
“ " UH.F

(Ff, —Ff) (32)

For the hierarchies of clouds and precipitation discussed above, we have:

p

+3.0€° :1. = I, (ITCZ)

Fy,={ -3.0e°  :l.~1,(MJO) (33)

\ —9.6e7! :l.= el (SYSO)
Considering the whole budget in (33) implies that in the tropical region precipitation is larger than
evaporation (Fy,(ITCZ) + Fy,(MJO) + Fy,(SYSO) < 0). However, in the planetary ITCZ-like
organization, as Fy, is positive, the atmosphere has a net gain of mass (evaporation stronger than
precipitation). In contrast, for smaller organization systems, such as in the planetary MJO-like
or in the SYSO-like structures, it follows that precipitation is stronger than evaporation, resulting

in a negative mass source and a net mass loss. Therefore, it appears that the scale of moisture

convergence /. can be used as a bifurcation parameter.

4. Multiscale SInEN model

Let us assume now that each component of the system has a solution composed of leading order

O 4O (1)

v ,hy’) and higher order (V, ,hg,l)) perturbations, with v = (a,0) indicating the atmosphere
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« and the ocean, respectively. We should remember that in our scaled model the ocean evolves in
s« the slowest two time-scales (¢, T), whereas the atmosphere evolves in the fastest two time-scales

s (T,t). Then the following ansatz is assumed:

Va(7,1,%) = VO (£,1,%) + V4 (%,X); (34a)
ha(%,1,%) = B0 (%,1,%) + ehV (%, %) (34b)
Vo(t,7,%) =V (2, 7,%) + €V (1,%); (34c)
ho(t,7,x) = W0 (1, 7,%) + enV (1, %). (34d)

«  Wwith 7,¢ and 7 indicating synoptic, intraseasonal and interannual time-scales, respectively. To
s« ensure the uniform validity of the expansion (34), the solvability condition imposes that: If there is

«s any growth of the highest order terms, the growth must be slower than the linear growth (Kevorkian

us and Cole 1986), that is:

y (M)w 35

eso\ e 111 /7 (352)
(1) a—1

. hv (8 7X> _

fim (e ) =0 (33b)

; Physically, (35) means that even after a long period ¢'[¢~!] the (V(vl),h(vl)) perturbations cannot

(0)

«s overcome the leading order (Vg,o),hv ) ones. In addition, consistently with the strength estimates

[
x

s« the source terms can be expanded as:

Fy,=e'Fy V+FyY) +eFy), (36a)
F,=F" +eF,). (36b)
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357
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362

with the oceanic momentum flux given by the wind stress parameterization

r T
( F \)/60(0)7 2 50(0)7 ~h(rg) ) - ( CMﬂxugzO)z, 0,0 ) ; (37a)
r T
( B0, By, ) ) = ( 2Cwmtlul,0,0 ) ; (37b)

and the atmospheric heat flux given by:

T T
(£RE ) = (0.0.00m ) (370)
T T
(Féfo)f&f‘”y i) ) = ( o,o,cuu£,°)+chué°>h£°>—cp,ff(—v.vg%) : (37d)
T

T
( RN SN ) - ( 0,0, Cutsl) + Cp (1S + ulhS) = Cprt (—V 3LV ) :

(37e)

Once the leading order atmospheric mass flux Qgynoptic 18 specified (recall that it is a free pa-

rameter of the model), it drives the (\7((10) , hflo)) perturbations, and, in turn, a combination of the re-
sulting perturbations constitutes either the atmospheric mass forcing for higher order disturbances
(\7511) : hgl)) or the momentum forcing for leading-order perturbations in the ocean (\7((,0) : h((,o)). The
evaporation contributes with both linear and nonlinear terms, and precipitation was parameterized

in terms of linear moisture convergence. In the ocean, the in-homogeneous term for (Vgo),hgo))

is due to nonlinear combination of (Vgo),hg,o)) perturbations, whereas the forcing of (Vgl),hgl))
presents a mixed ¢'[€°]-&[¢!] term. Mixed terms also appear in the atmosphere, but only as a
forcing for higher order terms that are not included in the present study. The physics introduces

nonlinear terms related to the mass and momentum fluxes, and the nonlinear mass flux is related to

the evaporative heat flux. Finally, inserting the ansatz (34) into the SInEN model equations yields:
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Three time scale model for the synoptic/intraseasonal/El Nifio (SInEN) regime

eul) — i o = Fy Y, (e
yuéo) - 8yhgo) = F‘Z(_z); (:e72)
9:h +v.vO = E Y, (e )
8fu£,1) —yv((ll) + 8xh£11) = F‘Z(O) — (8tu£lo) +V§°) -Vut(lo)); (:80)
yul) + 9ynl) = By, (e

o)+ V-V =B — 0D+ VO VY +hIV V) ()

364

) — & +a9.n = F;Y; (:¢%)
vl + 9ynl” = By, (&)
ohy) +v-vP = F; (:6%)
s =i o) = By — (0cul) + V- vul):; (:e")
s + oyl = By, (&)
o)+ V-V = F) — @h? + v v +ndv vy e

o

(38a)
(38b)

(38¢)

(38d)
(38e)

(38f)

(38g2)
(38h)

(381)

(38))
(38K)

(381)

ws  Lhe € powers between brackets in the right of their correspondent equations (38) indicate the

w7 order in which the equations are balanced.

ws The leading order perturbations of each subsystem are governed by the so-called linear equa-

wo torial long-wave equations, whose eigenvectors are the anisotropic non-dispersive Kelvin and

a0 Rossby waves (e.g. Gill 1980; Schubert et al. 2009; Ramirez et al. 2011b). Consequently, the

o solvability condition (35) applied in (38) implies that the source terms for the (Vgl),h(l)

(1) (1)

) and

o2 (Vo ',hy ’) perturbations must be non-resonant with the linear operator. Since the linear operator
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391

392

describes the anisotropic Rossby and Kelvin waves, the elimination of resonances is achieved by
projecting the first order equations onto the Kelvin and Rossby wave eigenvectors, in their re-
spective traveling reference frames (see, for instance, Boyd 1980; Majda and Biello 2003). This
projection results in the slow evolution equations of the amplitudes of Kelvin and Rossby wave
packets of both the atmosphere and ocean. These Rossby and Kelvin wave packets undergo their
own self mode interactions due to the intrinsic advective nonlinearity of each subsystem (compare
Gill 1980 and Gill and Phlips 1986). In addition, the parameterized mass and momentum fluxes
coupling the atmosphere and ocean can yield interactions between atmospheric and oceanic wave
packets through resonant triads of specific Fourier modes. This latter feature of the multiscale

SInEN model is illustrated in the next section.

5. Integration of the multiscale SInEN model: the case of a single resonant triad interaction

As discussed above, in the multiscale SINEN model (38) wave modes are allowed in both the
atmosphere and ocean sub-systems and the leading order solution corresponds to the anisotropic
non-dispersive Kelvin and long Rossby waves. Furthermore, nonlinear mode interactions are due
to either the advective nonlinearity or the parameterized mass and momentum forcings. The former
allows for interactions of waves that belong to the same sub-system, whereas the latter allows for
across sub-system mode interactions. In this section, we deal with the nonlinear wave interaction
of atmospheric and oceanic waves through wind stress and evaporation and how these interactions
can connect atmosphere and ocean from synoptic to interannual time-scales through intraseasonal

time-scale.
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a. Solvability condition and resonant triad equations

The source terms for the ¢[¢] perturbations in both the atmosphere (38d-38f) and ocean (38;-
381) have the form of a forced Burger equation, which is a model for the nonlinear interaction
of non-dispersive wave packets (e.g. Boyd 1980; Menzaque et al. 2001). However, as our focus
is on interactions involving waves of different media, we neglect the advective terms and restrict
our analysis to the discrete wave mode interactions produced by the physical parameterizations.
The motivation for this simplification comes from Fig. 2, where a representative example of
atmosphere-ocean resonant triad is depicted. The triad is composed of atmospheric Kelvin and
Rossby waves along with an oceanic Kelvin wave represented by (wy,k;); (@2,k2) and (@3, k3),

respectively. The resonance condition for this discrete triad interaction is given by:

0] = Wy + 03, (39a)

ki = ky + k3. (39b)

Therefore, in order to study the dynamics of this resonant triad, we consider the following ansatz

for the leading-order solution of SInEN model:

Ug i (ey) i (ey)

va | =210) | o(ey) | €5 D +2(0) [ py(ey) | €2 +C.C (40a)
ha hi (ey) ho(ey)

Uo a3(y)

vo | =23(0) | 55(y) | € - C.C.. (40b)
ho il3(y>

In (40), the meridional structure functions (ii;, v, h i» 7=1{1,2,3}) are given by
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412

413

i 1 s i
o | = ! ole %4 | = ! 0|e? (41a)
1 zﬁ ’ 3 2\/%
hy 1 hs 1
i i[~(an +ka)ya(ey) — (@2 — k2)y/ Tyo(ey)]

1
n{=p (03 —K3) w1 (ey) (41b)
h j k — (o —ky)y /%
2 i[( 4 ko) ya(ey) — (2 —ka2)\/ 5 Wo(€Y)]

where D = (@ — k2)? +2(@2 + k2)? + (@3 — k3)?] and ;(y) are the Hermite functions. The
weaker meridional confinement near the equator of the atmospheric waves is represented by Y = €y
in the argument of the Hermite functions. Therefore, substituting the ansatz (40) in (38) it follows
that the leading-order &'[1] equations are satisfied automatically, since the ansatz is a combination
of three linearly independent solutions of the &[1] problem. Consequently, by requiring orthogo-
nality between the in-homogeneous terms in the ¢'[¢] equations and the linear operator to eliminate

the secular terms yields:

d

Tl =Lz NP 2,7 (42a)
d_, 3,1 s

EZZ =1,7) +N2 237, (42b)
d_ 12

EZ3 = I1373 +N3 VAVZS (42¢c)

where the linear coefficients Ly, L, and L3 are given by

L= [Cu<ﬁ1|le>+iw1Cpr<le\fz1>] (43a)
Ly = [Cu(a|h2 ) +inCpr(ha|ha)) (43b)
L3;=0 (43c¢)
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«+ and the nonlinear interaction coefficients N]2 ’3,N§ 1 ,N; 2 are
2’3 o A A
N;7 =Cy(irhs|hy)
30 _~ /a2 E
N2/ :Ch<u1h3]h2>

N3 =2&Cypy (12203 )

(44a)

(44b)

(44c)

«s The multiplicative factor € in the nonlinear interaction coefficient of the oceanic mode reflects the

«s slower time-scale associated to the oceanic mode amplitude compared to the atmospheric waves.

«7 'The inner product < | > is defined by

(f|8) = lim — /hm // (f - 8)dydxdt

T—oo T L—oo L

«s The time and zonal dependency can be evaluated using

1 7S . 1 for A=0,
lim = [ e®ds=
S—oo 0

0 for A # 0.

(45)

(46)

« By considering the transformation Z; = Z;e!", j = {1,2,3}, and omitting the hats for simplicity,

2 the equations (42) can be re-written to focus on the nonlinear terms

%Zl = N 2,75
izz =N>z7,7%
dt 2 143
d

1,2 *
—7Z3=N,"717Z
T3 A2

2 Furthermore, evaluating the nonlinear coupling coefficients we have:

(ihalhn) = (+T 15 + AL )
(lirhs|hy) = ( —TLy, +A1§3§>

(i) = (+T L + ALy )
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(48a)
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where

_j k
) (492)
D
—i(m —ky)
A= ——""— 49b
2 (490)
and
ele — = | —y2(82+l) 1 1
Looo :/ IVO(S)’)‘I/O()’)‘VO(S)’)CZY:/ —¢ Vdy=— T (50a)
—o0 —oo JT4 w1\ € +53
*° © 262y —1 _ 22,1 1 1
ISIEE/ € ey)dy = L ey (Etgy = 2¢e? —
200 - V2 (€y)wo(y) Wo(ey)dy - \/57[% y \/575%( (82—{—%)3 82—1—%

(50b)

Equations (44), (48) and (49) show that the nonlinear interaction coefficients le ’3,N23 )1 ,N31’2 are
purely imaginary numbers and are explicit functions of the frequency and wavenumber of the at-
mospheric Rossby wave (@, k7). In addition, as the triad interaction considered is due to the
parameterized mass and momentum forcings, its dynamics should differ from the resonant triads
arising from advective nonlinearity. However, in the specific parameter regime where the model
has stable solutions, the triad displays certain properties similar to those of the conservative reso-
nant interactions associated with advective nonlinearity.

The nonlinear interactions through physical parameterizations in (47) allow for the coupling of
waves that belong to different fluid flows (sub-systems) and have distinctive temporal and spatial
scales. Precisely, the distinctive nature of the atmospheric and oceanic fluid flows prevents a direct
resonant atmosphere-ocean coupling through advection. Therefore, (47) represents a simplified

mechanism by which the resonant interaction illustrated in Fig. 2 might occur.

b. Parametric Interactions

To further understand the interactions, we first analyze the limiting case where the interaction

coefficient of the oceanic Kelvin mode is zero. This is equivalent to considering either a linear
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parameterization for the wind stress (Cyax = 0) or the limiting case of € — 0. In this case, the
oceanic Kelvin mode acts as a catalyst mode, i.e., it allows the nonlinear interaction between the
two atmospheric waves but its amplitude is unaffected by the two atmospheric wave modes. This
type of resonant interaction is known as ‘Parametric interaction’, as the magnitude of the energy
exchange between the other triad members depends on the initial amplitude of the catalyst mode.

Under the parametric interaction described above, equations (47) now read:

d 23

EZl =N,"Z2Z3. (51a)
d

~ 7y =N, 1 Z. (51b)
dt

d

Zzi=0. 51
5 (Slc)

An interpretation for (51) is that the slow oceanic wave amplitude evolution is even slower com-
pared to the atmospheric wave amplitude evolution. In other words, there is a wide scale separation
between the evolution of the atmosphere and the ocean.

Furthermore, from (51) one can obtain an equation for each of the atmospheric wave amplitudes.

Thus, for the atmospheric Kelvin wave, we have:

<, +Q%Z, =0 (52)
a2 e
where
Q? = —NPPNy? = CF [IAR(s)? — ITP(15)?] 1232 (53)

As 58 and I5¢ are polynomials in €; both of them in combination with A and I" determine
the character of the slow wave modulation. Fig. 3 displays Q2 as a function of the oceanic to
atmospheric meridional decay ratio (g) for C;, = |Z3| = 1 and (@, k;) taken from the equatorial
n = 1 Rossby wave depicted in Fig. 2. Thus, we note that for typical values of the ratio between

oceanic and atmospheric equatorial wave trappings € = 4,/4, = /U /C, ~ 0.2 it follows that
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Q? > 0 and, consequently, the atmospheric wave amplitudes undergo periodic modulation with
frequency Q. In contrast, for smaller values of € (e.g. ~ 0.1) it results that Q% < 0 and the
atmospheric wave amplitudes undergo an exponential growth, indicating an unstable character. In
fact, Fig. 4 illustrates the integration of (51) for the unstable regime. A very fast exponential
growth of the solutions at intraseasonal time-scales can be noted. Furthermore, as € = 4,/A,,
it is suggested that the meridional trapping of the interacting equatorial waves is an important
parameter to define the stability of the atmosphere-ocean resonant interactions.

In the parametric oscillatory regime of (51) i.e., Q> > 0, the total triad energy is bound and the
oceanic wave amplitude is not modulated at the slow time scale. However, the oceanic wave is
essential to allow the energy exchange between the atmospheric waves. The long period of energy
exchange depends on the initial energy with which the triad was established. Thus, whenever
Z3(t =0) — 0 then Q — 0, and the modulation period becomes infinite. On the other hand, large
values of Z3(t = 0) result in large values of Q, and, consequently, short periods for the energy
exchange.

To further test the sensitivity of the system to the initial condition, i.e., the energy level at which
the triad was established, Figs. 5 and 6 depict the integration of (51) for two different values of
the initial oceanic wave amplitude, |Z3|> = 25 and |Z3|*> = 16, respectively. In these numerical
experiments € = A,/A4, ~ 0.2, and, therefore, the solution is stable (see Fig. 3). The selected
initial energy distribution deposits more energy into the oceanic mode and less energy into the
atmospheric Kelvin mode (|Z;|?> = 0.32). The atmospheric Rossby mode is initiated with an in-
termediate energy value (|Z|> = 7.56). From the time integration it can be seen that most of the
energy goes to the atmospheric Kelvin mode, whereas the atmospheric n = 1 Rossby wave is mod-
ulated with the exact opposite phase. Thus, when the Rossby wave is at its maximum energy level,

the atmospheric Kelvin wave is at its minimum energy level and vice-versa. Furthermore, as |Z3|2
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decreases, the frequency modulation decreases, and the period of energy exchange increases from
around 60 days to around 75 days. In both experiments, the energy of the oceanic Kelvin wave

remains constant for the whole period.

c. Resonant Triad Interactions

We now analyze the dynamics of the same resonant triad discussed in the previous subsection,
but considering a nonlinear wind stress parameterization (Cyax 7 0) or similarly relaxing the
limiting case of € — 0 by considering € small but finite. Although the coupling coefficient N31’2
of the oceanic Kelvin mode must still be much smaller than those of the atmospheric members of
the triad, now the amplitude of the oceanic mode is allowed to vary in time. Consequently, all the
triad members undergo nonlinear amplitude modulation.

As in the parametric case, the full triad system (47) is integrable and its solutions are described in
terms of Jacobi Elliptic functions (Abramowitz and Stegun 1972; Arfken and Weber 1995; Lynch
2003; Craik 1985). In this sense, to somewhat simplify the solution, we set the mode with the
highest energy modulation (mode 1 - the atmospheric Kelvin mode) to have zero initial amplitude.
In this case, the solution of system (47) is similar to that used by Domaracki and Loesch (1977);

Raupp et al. (2008):

N23 1/2
21(0) = Zali=o | o ) sl (54a)
Z5(t) = Zp =0 cn(E | i) (54b)
/3 (l) = Z3|[:() dn(E ‘ 1’71) (54¢)
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where sn, cn and dn are the Jacobi elliptic functions, with argument = (corresponding to the re-

scaled time) and parameter 7/ given by

1/2
=Zl—o (| NN ) e, (550

(x]

12

N3 Z%|(z:0)
1,3 '

Ny’ Z§|(z:0)

N
Il

(55b)

The analytic solution (54) may exhibit different behaviors depending on the initial energy partition

among the triad members. This is evidenced by the dependence of 77 on the ratio of the initial

. 23—
amplitudes of modes 2 and 3. For example, when Z%:(t’())
31(t=0)

<< 1, the triad essentially undergoes the
parametric regime discussed above, with mode 3 (the oceanic Kelvin mode) acting as a catalyst
mode for the energy exchanges between the atmospheric waves. Moreover, when m = 0, the
elliptic functions become trigonometric functions, with sn — sin, cn — cos and dn — +-1, resulting
that Z3(z) is a constant. On the other hand, as the parameter /7 tends to one, the elliptic functions
describe a parabola, and instability of the highest frequency mode (mode 1) might occur. In
addition, for intermediate values of the parameter 7, the triad undergoes considerable energy
exchanges, with all the wave amplitudes being significantly modulated in time. As the coupling
coefficient of the oceanic mode is one order of magnitude smaller than those of the atmospheric
waves, a sufficiently small initial amplitude of the oceanic Kelvin mode, in comparison with the
atmospheric Rossby mode, is required in this regime.

A representative example of the solution (54) for the case of the full resonant triad interactions is
illustrated in Fig. 7. The initial amplitudes for the modes 2 and 3 were chosen to fall into 0 < < 1
regime, and other parameters were set to yield € = 0.2. As can be noted, all the triad members
undergo significant interannual energy modulation. The dimensional natural oscillation periods
associated with the triad members are: T'(@;) = 3.4 days, T(@,) = 12.0 days and T'(w3) = 57.0

days. Therefore, the energy modulation of the triad members is much slower than their natural
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oscillation periods. Thus, the nonlinear triad interaction analyzed here allows for a multi time-scale
interaction, yielding an interannual energy modulation through nonlinear interactions involving
waves with synoptic and intraseasonal time-scales.

The resonant triad in Fig. 7 has a behavior typical of conservative resonant interactions through
advective nonlinearity, that is, the highest absolute frequency mode of the triad (mode 1 - atmo-
spheric Kelvin wave) always grows or declines at the expense of the other modes. Furthermore, the
lowest absolute frequency mode of the triad (mode 3 - oceanic Kelvin mode) exhibits the weakest
energy modulation. However, a difference between the present triad and a triad associated with
advective nonlinearities is that the total energy of the present triad is no longer conserved. As a
consequence, the total energy is also strongly modulated in the slow time scale. In addition, even
though the atmospheric Kelvin wave is initiated with zero energy, this mode attains a much higher
energy level than the remaining triad components, and, therefore, is responsible for almost all the
energy of the system during the periods of its maximum energy level. These aspects are confirmed
by the numerical integration of system (47), which agrees with the analytic solution (54) in all the
correspondent parameter regimes.

In Fig. 8 the low-level patterns of the dynamical fields associated with the atmospheric branch
of the resonant triad, i.e., the atmospheric Kelvin wave (mode 1) and the n = 1 equatorial Rossby
wave (mode 2) are displayed. The Kelvin wave is of planetary scale and produces strong westerly
winds throughout the Pacific Ocean (peaking over the central Pacific) and easterly winds outside
the basin. In addition, the n = 1 equatorial Rossby (mode 2) produces a symmetric pattern about
the equator, with strong westerlies both to the west and east of the Pacific basin and strong east-
erlies over the central Pacific. The spatial scale of the n = 1 Rossby wave is compatible with the
pattern of twin cyclones around the eastern Indian Ocean, the Maritime continent and the western

Pacific Ocean, that is associated to the MJO (e.g., Ferreira et al. (1996)).
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The zonal wind stress produced by the interaction between modes 1 and 2 is displayed in Fig. 9.
The strong wind stress over the western Pacific Ocean may represent the westerly wind burst that
preceeds a typical El Nifio development (see McPhaden (1999)). Over the eastern Pacific Ocean,
the westerly wind stress is relatively weak, however, it can contribute to weaken the climatological
trade winds and to relax the pressure gradient that maintains the warm waters to the west in the
Pacific Ocean.

Furthermore, the coupling of the atmospheric Kelvin-Rossby waves and the oceanic Kelvin
wave yields the modulated evaporation pattern depicted in Fig. 9. The evaporation envelope is
about 6000 km of zonal extension (over the western Pacific), whereas its internal spatial structure
is of synoptic or meso-y spatial scale (= 2000 km). The up and down synoptic-scale pattern of
the evaporation may allow eastward propagation of the synoptic-scale convective anomalies that
are part of the MJO envelope (see Zhang (2005)). Thus, the spatial patterns of the waves that
constitute the resonant triad analyzed here are consistent with mechanisms that may lead to the
interaction between synoptic, intraseasonal and interannual space/time scales.

Therefore, the results presented here for the special case of a single resonant triad interacting
through parameterized atmosphere-ocean fluxes demonstrate the potential of the multiscale SINEN
model to connect the atmosphere and ocean from synoptic to interannual time-scales through the

intraseasonal time-scale.

6. Summary and Final Remarks

In this paper, we have developed a novel nonlinear multiscale model to study
Synoptic/Intraseasonal/interannual-El Nifio (SInEN) interactions in a coupled atmosphere-ocean
system. For this purpose, we have considered a simple set up, i.e., two coupled equatorial 3-plane

shallow-water equations, one representing the ocean and the other the atmosphere. The reduced
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multiscale SINEN model is obtained as a distinguished limit of the original coupled shallow-water
equations. This limit represents a balanced regime in the atmosphere-ocean system where: the
atmospheric Froude number; the oceanic Froude number; the non-dimensional strength of atmo-
spheric height and oceanic thickness fluctuations, as well as the ratio between meridional and
zonal length scales for both atmosphere and ocean, are all small parameters and of the same order
of magnitude, that is:

Fy. = F, =F=58,=58"=¢. (56)
This balance assumption is required for the mathematical consistence of the limiting dynamics
and is physically coherent with the typical strengths for winds, currents and thermal anomalies
associated with the scales centered around the intraseasonal variability. The selected equations
(1) are compatible with the commonly adopted framework of applying shallow water equations to
describe the first baroclinic mode of either the troposphere or the ocean active layer.

To bring about the SInEN regime, the mass and momentum forcings for the atmosphere and
ocean are also expanded in terms of the small non-dimensional parameter of the system. The forc-
ing strengths have been estimated in the context of the commonly held physical parameterizations
for air-sea mass and momentum fluxes and deep convection in the atmosphere. For instance, the
momentum forcing is represented through atmospheric wind stress, whereas the mass forcing is
represented as the difference between evaporation (E) and deep convective precipitation (P). In
turn, evaporation is formulated according to the wind induced surface heat exchange (WISHE)
mechanism, while precipitation is formulated according to the wave-CISK hypothesis, where P is
proportional to lower troposphere moisture convergence.

Although the flux formulation is recognized to be rather simplistic (Dijkstra 2000; Philander
1999b; Hirst and Lau 1990; Battisti 1988), some other drawbacks can be discussed. For example,

in the SInEN model the atmosphere and ocean are not fully thermally coupled, since the impact
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of heat fluxes does not affect back the ocean thermodynamics and currents. The radiation-SST
feedback and the evaporation feedback due to changing latent heat flux might also be considered.
Further, the ocean thermohaline dynamics does not fully affect the ocean dynamics since g’ =
Ap,/p, is constant, but in the real atmosphere-ocean system the exchanges of evaporation and
precipitation along with the salinity also affect the density structure and play an important role
in thermocline fluctuations. Furthermore, the ocean dynamics-thermodynamics coupling and the
geometry of the Pacific Ocean are crucial for the formation of the warm/cold tongue during the El
Nino/La Nifia events, and thus it would be important to include these effects in our model along
with the seasonal cycle.

The scalings used to obtain the SINEN model imply a referential intraseasonal time-scale
connected to the fast equatorial synoptic and slow interannual time-scales through the non-
dimensional parameter €. Consequently, to obtain solutions of the SINEN equations, a perturbation
theory with multiple time-scales has been adopted, with the atmospheric variables being assumed
to evolve on the fastest two time-scales (synoptic and the referential intraseasonal), and the oceanic
variables being assumed to evolve on the slowest two time-scales (the referential intraseasonal and
the interannual). The leading order perturbations of each subsystem in the SInEN model are gov-
erned by the so-called equatorial B-plane linear long-wave equations, whose eigenvectors are the
anisotropic non-dispersive Kelvin and Rossby waves.

These wave packets may undergo their own self-mode interactions through the intrinsic advec-
tive nonlinearity, and the parameterized mass and momentum fluxes can yield interactions between
atmospheric and oceanic wave packets through resonant triads of specific Fourier modes. There-
fore, our model might accommodate several dynamical mechanisms contained in other theoretical
models, namely: the role of the intrinsic advective nonlinearity in the generation of low frequency

variability (Ripa 1982, 1983a,b); the role of heating forcings in generating low-frequency variabil-
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ity by atmospheric only wave interactions (Raupp and Silva Dias 2009, 2010); the role of oceanic
wave interactions with a diagnostic atmosphere in the excitation of El Nifio (Battisti 1988); the
role of interactions of linear modes through thermodynamics in the generation of low frequency
variability in simple linear coupled ocean-atmosphere models (Hirst 1986; Hirst and Lau 1990),
and the excitation of intraseasonal variability through atmospheric equatorial synoptic-scale tur-
bulence (Biello and Majda 2005).

To illustrate the potential of the SInEn model to connect synoptic, intraseasonal and interannual
time-scales in the atmosphere-ocean system, we have considered the special case of a single reso-
nant triad involving an oceanic Kelvin wave, and an atmospheric Kelvin wave, and an atmospheric
n = 1 Rossby wave, with the modes interacting resonantly through the parameterized atmosphere-
ocean heat and momentum fluxes. The analytic solution of the triad equations shows that the
oceanic wave may act as a catalyst mode for the energy exchanges between the atmospheric waves
for linearized momentum flux. The oceanic Kelvin wave can also undergo significant energy mod-
ulations for a small but non-zero interaction coefficient, provided that this mode has a sufficiently
smaller initial amplitude than the atmospheric waves. The results also show that the atmospheric
Kelvin mode always supplies/receives energy to/from the remaining two triad components. In
this situation, the wave amplitude modulations occur at interannual time-scales, while the phase
propagation periods of the wave fields are of synoptic and intraseasonal time-scales.

Furthermore, the low-level spatial patterns of the triad members reinforce the potential of the
resonant wave interaction mechanism through atmosphere-ocean coupling fluxes to connect syn-
optic, intraseasonal and interannual variabilities. In fact, for the atmospheric branch of the resonant
triad, the low-level winds over the Pacific Ocean due to Kelvin wave activity are superimposed on
the pattern produced by the n = 1 Rossby wave activity. The phases displayed for the atmospheric

waves are in agreement with what is required by the amplitude modulation. Over the Pacific
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Ocean, strong westerlies are found over both the western and eastern sides of the basin, whereas
moderate winds are in the central Pacific. Associated to the wind patterns, planetary scale wind
stress patches are found (~ 5000 km, see Fig. 9), and their tropical nature, magnitude and spa-
tial scale suggest that they can be associated to the MJO. In addition, the nonlinear coupling to
the ocean produces a synoptic scale structure for the evaporation field (~ 2000 km) that is mod-
ulated at planetary scales (~ 6000 km; see Fig. 9). The up and down synoptic scale pattern of
the evaporation field may stimulate further eastward propagation of the intraseasonal activity and
trigger oceanic Kelvin waves. Over the eastern Pacific Ocean, a relatively weak wind stress patch
is found, which is associated to westerlies and thus tends to weaken the climatological trade winds
and to reduce the east-west pressure gradient that maintains warm water to the west over the Pacific
Ocean.

The next step to investigate the potential of the SInEn model in a more realistic scenario should
be to restore the advective nonlinearities of each subsystem. The advection may couple each of
the individual Fourier harmonics of the resonant triad analyzed here with all the wavenumbers of
their corresponding wave packets. In fact, the model is weakly nonlinear in the ocean, but is fully
nonlinear in the atmosphere.

Moreover, in the atmosphere, prognostic equations for the moisture field and interaction between
different vertical modes should be considered in order to properly represent the cloud-radiation-
SST feedback, as well as the intensification of the MJO through vertical tilting of the heating (a
crucial aspect in multiscale models for the MJO e.g., Biello and Majda 2005; Thual and Majda
2016 and references therein). The variability of the solar radiative forcing may act as another
forcing mechanism to enhance low-frequency atmospheric variability. Recently, by including lin-
earized versions of some of the physical mechanisms described above, the reproduction of certain

observed features of the MJO has been achieved (Majda and Stechmann 2009; Liu and Wang
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2013). In principle, we believe that the theory constructed here can be generalized to include
some of those more complex parameterizations described above, as far as the linear eigenvectors
may still constitute the leading-order solutions in the new scenarios.

Thus, despite the aforementioned limitations, the advantage of the SInEn model is that it can be
solved analytically, while keeping wave solutions in both the atmosphere and ocean. The SInEn
model suggests that the resonant atmosphere-ocean coupling can be a possible mechanism for the
generation of low frequency variability in the climate system. The various mechanisms involved,
which determine the conditions for the establishment of the atmosphere-ocean resonant coupling,
can be viewed as selection rules for the excitation of intraseasonal variability like in the MJO or

even slower variability like the interannual El Nifo variability.
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APPENDIX

Integrals involving Hermite functions

The evaluation of the product of modes requires the evaluation of integrals involving three or more
Hermite functions. For the product of modes of the ocean and atmosphere, the meridional decays
are different. The ocean is meridionally more confined than the atmosphere. In the ocean the
Hermite functions are given by y/(y); whereas in the atmosphere they are given by y(€y) where €
is a measure of the meridional confinement. The Hermite functions y,,, are related to the Hermite

polynomials H,, by:

e_y2/2
_ : Al
V() = e i (): (AD

o £2
where H,,(&) = (—1)’"6528 a%mé . The meridional integration of the product of three Her-
mite functions with m,n and p nodes and different decays can be expressed by: Iy,, =
[t e/ “Hy,(Omy)Hn(6,y)H,(8,y) dy. A practical rule to evaluate three or more Hermite func-

tions is to reduce the functions in pairs until just one Hermite function remains, and then use the

parity condition

oo a2 () (a— 1)™/2 : m pair
I = / e 1, (y) dy = 2 (A2)
- 0 :m odd

a. Reduction in pairs for same meridional decays

In the simplest case of same meridional decays for the Hermite functions, the reduction in pairs

is given according to Lord (1948); Busbridge (1948)
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min(m,n) ot

Hy(y)Hy(y) = m!n! ZO om0l t)!Hm+n_2, (). (A3)

Recursive application of the Busbridge identity (A3) and the parity condition (A2) allows the

computation of the turbulent fluxes yielding slow time-scale modulation.

b. Reduction in pairs for different meridional decays

The general case of different meridional decays can also be performed by reduction in pairs.
However, the decaying parameter enters in the product, and the results depend on the decaying
parameter. Let H,(x) and H,,(y) represent two Hermite polynomials with different meridional
decays:

[m/2],[n/2] (_1)S—H(2x)n—2s(2y)m—2tn!m!

Ha () Hin(y) = MX_:O (n—2s)lsl(m—20)t1 A9

where [m/2] and [n/2] represents the lowest nearest integer number, also known as the floor of
the division m/2 and n/2, respectively. The order of the resulting polynomial is n + m, however,
their coefficients depend on the decaying parameter.

Thus, for x — x, y — €x, n =2 and m = 3 we have
Hy(x)H3(ex) = 32€3x° — (48 4+ 16°)x> + 24ex (A5)
Forx — ex,y —x,n=2and m =3
Hy(ex)Hz(x) = 32€%x° — (24€2 + 16)x° + 24x (A6)
Both results contrast with the simplest case of x =y, n =2 and m = 3
Hy(x)Hs(x) = 32x° — 64x° 4 24x (A7)

Thus, the evaluation of the meridional integrals will depend on both the latitudinal structure of the

involved modes and on their the meridional decays.
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TABLE 1. Typical values of the model parameters

Symbol Value Parameter
€ 0.1 scale separation factor
H, 250 m atmosphere equivalent depth
H, 150 m ocean equivalent depth
hy=€eH, 25 m boundary layer depth
Iy 15 % 10° m zonal length scale of the
Pacific Ocean
Aa 15%10° m atmospheric deformation radius
Ao 4%10°m oceanic deformation radius
F 0.1 height fluctuation allowed
Cay =Ca 50ms~! atmospheric gravity wave
speed of the first baroclinic mode
Va,o; = Ua 55ms™! referential speed for slower wave modes
Cory =GCo 25ms! oceanic gravity wave speed

U = (Vay +Copf)/2

Pa

Po

of the first baroclinic mode

49ms! referential speed for the
SInEN regime
1.1kgm™3 air density
1.0 x 10 kg m™3 water density
107257! Brunt-Vaisala frequency
12gkg™! referential moisture
301 K mean temperature
273.0K referential temperature
0.9 precipitation efficiency
229% 107" m~ 157! Coriolis meridional gradient
2.50 x 10 J kg™! vaporization latent heat
461.50 J kg 'K! moist air gas constant
287.04 J kg 'K! dry air gassy constant
9.8ms 2 vertical acceleration due to gravity
5.6%x 1072 ms2 reduced gravity
6.11 mb saturation vapor pressure at Tp

1.1x1073 50

drag coefficient
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Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.

Fig. 7.

Fig. 8.

Schematic diagram for the Synoptic/Intraseasonal/interannual-El Nifio interactions (SInEN
Regime). A(g”) and O(&®) represent the slowly variant atmospheric and ocean energies,
respectively. Similarly, a(e®) and o(£°) are the leading order atmospheric, and ocean pertur-
bations and a(e') and o(e!) are higher order atmospheric and ocean perturbations. The term
adv is the advective nonlinearity, E—P is the mass flux and Qgynoptic i the external synoptic
forcing. The scale separation in both the speed and time are given by € = 0.1.

Dispersion wavenumber-frequency diagram depicting the possibility of a resonant triad in-
volving an atmospheric dry Kelvin wave; an atmospheric dry Rossby wave and an oceanic
Kelvin wave. The term “dry” refers to the eigenfrequency of the equatorial wave mode
not modified by coupling with deep convection. The wavenumbers/frequencies are non-
dimensional, however, the dimensional phase speeds (m/s) of the corresponding waves are
also displayed. To determine the resonant triad, the origin of the dispersion curve of the at-
mospheric Rossby wave is symmetrically displaced to a point over the oceanic Kelvin wave
dispersion curve. Thus, the intersection between the dispersion curves of the atmospheric
Kelvin and Rossby waves determines a set of three wave modes satisfying the resonance
conditions (39).

Q2 as a function of the ocean to atmosphere meridional decay ratio (60 / 5a) = ¢ for C), =
|Zok| = 1.

Energy modulation of the resonant triad interaction illustrated in Fig 2 for the unstable
regime depicted in Fig. 3. The thick line is the total energy, and the thin line is the energy
of the oceanic wave, which remains bound. The dotted line is the energy of the atmospheric
Rossby wave, and the long dashed line is the atmospheric Kelvin wave energy. The log;, of
the energy scale indicates the exponential growth at an intraseasonal time-scale.

Time evolution of the mode energies for the resonant triad interaction illustrated in Fig. 2 but
for A,/A, = 0.28 (stable regime). The triad is composed of: an atmospheric Kelvin wave
(mode 1 - long dashed line), an atmospheric n = 1 Rossby wave (mode 2 - short dashed
line) and an oceanic Kelvin wave (mode 3 - thin continuous line). The total energy of the
triad is also displayed (thick continuous line). The initial amplitudes of the modes are set
to |Z1> = 0.32,|2|> = 7.56,|Z3|> = 25. Other parameters are set to ¢, = 1.49,C, = Cp, =
0,C, =11.0,Cppix = 0,01 = /6,00 =27 /6,03 =0 Ce e e

Same as Fig. 5 but for |Z3|> = 16.0.

Similar to Fig. 5 but for the general case where the wave amplitudes are governed by equa-
tion 47. The triad is made of: an atmospheric Kelvin mode (mode 1 - long dashed line), an
atmospheric Rossby mode (mode 2 - short dashed line) and an oceanic Kelvin mode (mode
3 - continuous line). Total energy of the triad is also displayed (thick continuous line). The
initial amplitudes are set as |Z3(0)|? = 25.0,|Z>(0)|> = 7.56 and |Z;(0)|?> = 0.0. The model
parameter values considered in this integration are: g, = 1.49,C,, = 0.0,Cp, = 0.0,C;, = 1.1
and CMflx =1.0. .

Horizontal structure of the low-level horizontal wind and height fields for (a) the atmospheric
first baroclinic equatorial Kelvin wave with the dimensionless zonal wavenumber k] = 0.27
and frequency @} = 0.27 and, (b) the atmospheric first baroclinic #n = 1 equatorial Rossby
wave, with dimensionless zonal wavenumber k5 = 0.73 and frequency a)2 =0.21. Both of
these waves constitute the resonant triad illustrated in Figs. 5-7.
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Fig. 9.

(a) Zonal wind stress produced by the interaction of the atmospheric Kelvin wave and the
n =1 Rossby wave (Fig. 8a-b). Over the Pacific Ocean, the wind stress is associated with
westerlies. The intense westerlies over the western Pacific Ocean may trigger the oceanic
Kelvin wave propagation, which is important for onset of El Nifio. Westerly winds over the
western Pacific and Indian Oceans are sometimes associated to the MJO. Over the eastern
Pacific, low-level westerlies may lead to the weakening of the trade winds and relax the
pressure gradient that maintains warm waters and deep convection to the west of the Pacific
Ocean; (b) spatial pattern of the evaporation field produced by the coupling between the at-
mospheric Kelvin-Rossby waves and the oceanic Kelvin mode. The spatial modulation over
the western Pacific is about 60 degrees (= 6000 km), and an internal structure of synoptic or
meso-7Y scale (= 2000 km) is noted. Over the western Pacific and Indian Ocean the internal
structure may lead to the propagation of synoptic scale convection to the east along with the
MIJO signal. This configuration also reinforces the atmospheric configuration displayed in
Fig. 8 and Fig. 9a.
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FIG. 1. Schematic diagram for the Synoptic/Intraseasonal/interannual-El Nifio interactions (SInEN Regime).
A(e%) and O(&°) represent the slowly variant atmospheric and ocean energies, respectively. Similarly, a(e?)
and o0(¢°) are the leading order atmospheric, and ocean perturbations and a(e') and o(g') are higher order
atmospheric and ocean perturbations. The term adv is the advective nonlinearity, E—P is the mass flux and

Qsynoptic 18 the external synoptic forcing. The scale separation in both the speed and time are given by € = 0.1.
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FIG. 2. Dispersion wavenumber-frequency diagram depicting the possibility of a resonant triad involving
an atmospheric dry Kelvin wave; an atmospheric dry Rossby wave and an oceanic Kelvin wave. The term
“dry” refers to the eigenfrequency of the equatorial wave mode not modified by coupling with deep convection.
The wavenumbers/frequencies are non-dimensional, however, the dimensional phase speeds (m/s) of the cor-
responding waves are also displayed. To determine the resonant triad, the origin of the dispersion curve of the
atmospheric Rossby wave is symmetrically displaced to a point over the oceanic Kelvin wave dispersion curve.
Thus, the intersection between the dispersion curves of the atmospheric Kelvin and Rossby waves determines a

set of three wave modes satisfying the resonance conditions (39).
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FIG. 3. Q2 as a function of the ocean to atmosphere meridional decay ratio (50 / 5a) = ¢ for Cp, = |Zk| = 1.
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FIG. 4. Energy modulation of the resonant triad interaction illustrated in Fig 2 for the unstable regime depicted
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bound. The dotted line is the energy of the atmospheric Rossby wave, and the long dashed line is the atmospheric
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FIG. 5. Time evolution of the mode energies for the resonant triad interaction illustrated in Fig. 2 but for
Ao/Aq = 0.28 (stable regime). The triad is composed of: an atmospheric Kelvin wave (mode 1 - long dashed
line), an atmospheric n = 1 Rossby wave (mode 2 - short dashed line) and an oceanic Kelvin wave (mode 3 - thin
continuous line). The total energy of the triad is also displayed (thick continuous line). The initial amplitudes
of the modes are set to |Z;|? = 0.32,|Z|* = 7.56,|Z3|* = 25. Other parameters are set to ¢, = 1.49,C, = Cp, =

O,Ch = ll.O,CMﬂXZO,(f)] = 775/6,¢2 =2ﬂ/6,¢3 =0.
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FIG. 6. Same as Fig. 5 but for |Z3|> = 16.0.
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FIG. 7. Similar to Fig. 5 but for the general case where the wave amplitudes are governed by equation
47. The triad is made of: an atmospheric Kelvin mode (mode 1 - long dashed line), an atmospheric Rossby
mode (mode 2 - short dashed line) and an oceanic Kelvin mode (mode 3 - continuous line). Total energy of the
triad is also displayed (thick continuous line). The initial amplitudes are set as |Z3(0)|*> = 25.0,|Z,(0)|> = 7.56
and |Z, (O)|2 = 0.0. The model parameter values considered in this integration are: ¢, = 1.49,C,, = 0.0,Cp, =

0.0,Ch =1.1and CMflx =1.0.
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a) Atmospheric Kelvin wave
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b) Atmospheric Rossby wave
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043 FIG. 8. Horizontal structure of the low-level horizontal wind and height fields for (a) the atmospheric first
«s  baroclinic equatorial Kelvin wave with the dimensionless zonal wavenumber k] = 0.27 and frequency @] = 0.27
ws and, (b) the atmospheric first baroclinic n = 1 equatorial Rossby wave, with dimensionless zonal wavenumber

us k5 = 0.73 and frequency @, = 0.21. Both of these waves constitute the resonant triad illustrated in Figs. 5-7.
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a) nonlinear wind stress
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FIG. 9. (a) Zonal wind stress produced by the interaction of the atmospheric Kelvin wave and the n = 1
Rossby wave (Fig. 8a-b). Over the Pacific Ocean, the wind stress is associated with westerlies. The intense
westerlies over the western Pacific Ocean may trigger the oceanic Kelvin wave propagation, which is important
for onset of El Nifio. Westerly winds over the western Pacific and Indian Oceans are sometimes associated to the
MIJO. Over the eastern Pacific, low-level westerlies may lead to the weakening of the trade winds and relax the
pressure gradient that maintains warm waters and deep convection to the west of the Pacific Ocean; (b) spatial
pattern of the evaporation field produced by the coupling between the atmospheric Kelvin-Rossby waves and the
oceanic Kelvin mode. The spatial modulation over the western Pacific is about 60 degrees (= 6000 km), and an
internal structure of synoptic or meso-y scale (= 2000 km) is noted. Over the western Pacific and Indian Ocean
the internal structure may lead to the propagation of synoptic scale convection to the east along with the MJO

signal. This configuration also reinforces the atmospheé‘ilc configuration displayed in Fig. 8 and Fig. 9a.



