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The idea of the present paper is to study orbital transfers for a spacecraft from the 

Lagrangian points in the Earth-Moon system to the Earth, as well as to the other 

Lagrangian points. The model used is the restricted three-body problem with the addition of 

the effects of the radiation pressure in the trajectory of the spacecraft. The basic maneuver 

is a bi-impulsive transfers under the dynamics explained before. The results show that the 

radiation pressure has an influence in the process, although not very large. After that we 

made some simulations for similar maneuvers in a double asteroid system, where the 

gravitational forces are smaller and the radiation pressure gives important contributions to 

the motion of the spacecraft. It is possible to find solutions with smaller fuel consumption 

when considering the solar radiation pressure, in both cases, but with important reductions 

in the magnitude of the impulses required for the asteroid system. It is important always to 

take into account that the idea presented here is not to use the radiation pressure as a 

control, but just to measure its effects when performing the bi-impulsive transfer. 
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I. Introduction 

The equilibrium Lagrangian points that appear in the restricted three-body problem
1
 have several applications, 

like the location of space stations, relay satellites for communications, etc.
2,3

 They are five points of equilibrium of 

the system and a spacecraft placed there with zero velocity will remain there forever. L1, L2 and L3 are the collinear 

points, located in the line connecting the two primaries, and they are always unstable. L4 and L5 are the triangular 

points, because they make an equilateral triangle with the two primaries. They are stable for the more important 

cases of the Solar System (Earth-Moon, Sun-Earth, Sun-Jupiter). Figure 1 shows a sketch of the locations of those 

points. 

The present paper considers the problem of bi-impulsive transfers between the Lagrangian points and the Earth, 

in the Earth-Moon system, as well as from one Lagrangian point to another. After that, a double asteroid system
4,5

 is 

also used for the simulations. The main goal is to show the relative importance of the radiation pressure as a function 

of the masses of the primaries. It will be shown that this point is very important and the effects of the radiation 

pressure goes from almost negligible to very high, depending on the system of primaries. It is considered that the 

maneuver starts with the application of the first impulse at the initial position of the spacecraft and ends with the 

application of the second impulse in the final position of the spacecraft. The effects of the radiation pressure is not 

used as a control, but it is assumed to be a perturbation present in the system. Previous researches have been done in 

similar problems.
6,7,8,9 

The effects of the solar radiation pressure in the trajectory of the spacecraft can be modulated by changing the 

area/mass of the spacecraft, so it is possible to increase those effects by adding large panels to the spacecraft, if it is 

interesting for the mission. Those panels can also be used to get solar energy to supply the spacecraft, so they do not 

have to be done only for this maneuver. 

II. Mathematical model 

The planar circular restricted three-body problem with the addition of the solar radiation pressure is used as the 

mathematical model. It is assumed that two bodies M1 and M2 are orbiting their common center of mass in circular 

Keplerian orbits and a third body M3, with negligible mass, is orbiting these two main bodies, called primaries. The 

motion of the third body, M3, is affected by the two main bodies M1 and M2, but it does not affect their motion.
1
 To 

represent the motion of the bodies, the canonical system of units is used. This system implies that: 

1) The unit of distance is the distance between the primaries; 

2) The angular velocity of the motion of M1 and M2 is assumed to be one; 

3) The mass of the smaller primary (M2) is given by the mass ratio   
   

     
, and the mass of the primary M1 is 

given by (    ; 

4) The unit of time is defined such that the period of the motion of the primaries is 2π; 

5) The gravitational constant, G, is considered one. 

The equations of motion of M3 (spacecraft) are given by: 

       
  

  
    

       
  

  
    

(1) 

where   is the pseudo-potential given by: 

  
 

 
        

      

  
 
  

  
 (2) 

where: 
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(3) 

 

and FX and FY are the components of the solar radiation pressure. The magnitude of this force is given by: 

                
  

   
   (4) 

where    is the reflectivity of the surface, from 0 to 1;    is the solar constant, equal to 1360 W/m
2
 at one A.U. 

(Astronomical Unit, that is the Sun-Earth distance) divided by the speed of light;    is the area of the spacecraft that 

is illuminated by the Sun;   is the mass of the spacecraft; d is the distance Sun-spacecraft in A.U. The unit vector    
represents the direction of the force, that is assumed to be the Sun-spacecraft line. 

 

 

Figure 1. Location of the Lagrangian Points. 

 

This system of equations has no analytical solutions, and numerical integration is required to solve the problem. 

The maneuvers are always assumed to be bi-impulsive, with the impulses applied at the beginning and at the end of 

the each transfer. The fuel consumed is specified by the total variation of velocity (V) applied to the spacecraft in 

both impulses. To obtain solutions, the problem is treated as a TPBVP (Two Point Boundary Value Problem) and it 

is solved using numerical integrations and gradient methods.
10

 

III. Results 

The first families of transfer orbits studied considers transfers between the collinear Lagrangian points in the 

Earth-Moon system in two directions: clockwise and counterclockwise. The results are organized in plots of the V 

against the initial flight path angle (in degrees) in the rotating frame. Different locations of the Sun are used and 

shown in figure 2. Figures 3 to 6 show the results for the maneuvers among the three collinear Lagrangian points. 

They are plots showing the variation of velocity required by the transfers against the initial flight path angle.  
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Figure 2. Location of the Sun relatively to the primaries. 

 

 

Figure 3. Transfers from L1 to L2. 
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Figure 4. Transfers from L1 to L3. 

 

 

Figure 5. Transfers from L2 to L3. 
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Figure 6. Transfers from L3 to L1. 

 

The next study considers transfers between the Lagrangian points and the Earth, also using several values for the 

time of flight and two directions for the transfer: clockwise and counterclockwise. Figures 7 to 11 show the results, 

plotting the variation of velocity against the initial flight angle, as done before. 
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Figure 7. Transfers from L1 to the Earth. 
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Figure 8. Transfers from L2 to the Earth. 
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Figure 9. Transfers from L3 to the Earth. 
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Figure 10. Transfers from L4 to the Earth. 
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Figure 11. Transfers from L5 to the Earth. 
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The next session of results shows transfers in an asteroid system. The asteroid system used is the 2001SN263
4,5

, 

which is a triple system under study for the Aster mission.
11

 It is a triple system, but the full dynamics is not 

considered to calculate the Lagrangian points and the transfers itself. Instead, one double system with the larger 

body, asteroid Alpha, and one of the smaller ones, in the present case the asteroid Beta, is considered. The transfers 

considered are between the collinear Lagrangian points and the main asteroid, the asteroid Alpha. This system has 

an eccentricity e = 0.48 and a semi-major axis a = 1.99 A.U.
5
. The distance considered for the simulations is the 

periapsis, which is about 1 A.U. 
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Figure 12. Transfers from L1 to asteroid Alpha. 
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Figure 13. Transfers from L2 to asteroid Alpha. 
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Figure 14. Transfers from L3 to asteroid Alpha. 
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IV. Conclusions 

The effects of the radiation pressure in a bi-impulsive transfer between the Lagrangian points and from the 

Lagrangian points to the Earth were studied in the Earth-Moon system. 

The results indicated that the radiation pressure modifies the trajectory of the spacecraft, modifying the energy 

required for the transfers. It is possible to choose the right moment to perform the maneuver such that the 

magnitudes of the impulses to be applied are minimized. So, the moment to start the maneuver is a type of indirect 

control. For the Earth-moon system the differences are small, due to the large gravity of the bodies involved. 

When considering smaller bodies, like the asteroid system, the importance of the radiation pressure increases, 

and the locations and values of the best transfers are different. It is also possible to choose the right moment to 

perform the maneuver, such that the magnitudes of the impulses to be applied are minimized. The difference is that, 

in those cases, the savings are very large.  
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